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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from

lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 33 ]. This is test number [ 162 ].

1.1 Listing of CAS systems tested

The following systems were tested at this time.

1.
2.

3
4.
5
6

7.

Mathematica 12.1 (64 bit) on windows 10.
Rubi 4.16.1 in Mathematica 12 on windows 10.

. Maple 2020 (64 bit) on windows 10.

Maxima 5.43 on Linux. (via sagemath 8.9)

. Fricas 1.3.6 on Linux (via sagemath 9.0)

. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.

Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.


https://rulebasedintegration.org

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed
form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and Root0Of are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed
Rubi % 100. ( 33) %0.(0)
Mathematica | % 100. ( 33 ) %0.(0)
Maple %93.94 (31) | %6.06 (2)
Maxima %93.94 (31) | %6.06 (2)
Fricas % 100. ( 33) %0.(0)
Sympy %2727 (9) | %72.73 (24)
Giac %9394 (31) | %6.06 (2)

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes the
meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100. 0. 0. 0.
Mathematica 100. 0. 0. 0.
Maple 69.7 9.09 15.15 6.06
Maxima 45.45 39.39 9.09 6.06
Fricas 54.55 45.45 0. 0.
Sympy 27.27 0. 0. 72.73
Giac 75.76 3.03 15.15 6.06




The following is a Bar chart illustration of the data in the above table.
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The figure below compares the CAS systems for each grade level.
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time
and leaf size of results.

System Mean time (sec) | Mean size | Normalized mean | Median size | Normalized median
Rubi 0.08 100.48 0.73 91. 1.
Mathematica 6.91 9591 0.76 109. 0.86
Maple 0.05 121.65 0.79 79. 0.94
Maxima 1.13 324.19 2.43 166. 2.15
Fricas 1.54 692.45 4.64 352. 3.32
Sympy 0. 0. 0. 0. 0.
Giac 0.98 137.71 0.94 107. 1.09
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1.4 list of integrals that has no closed form an-
tiderivative

{# 5,14 [15[19}[23}[27, [0} [33}

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

1.6 list of integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica {}

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.
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1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each integral.
If the integrate command did not complete within this time limit, the integral was aborted
and considered to have failed and assigned an F grade. The time used by failed integrals
due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example, for
the Timofeev test file, there were about 30 such integrals out of total 705, or about 4 percent.
This pecrentage can be higher or lower depending on the specific input test file.
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Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffgrent-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and XCAS
syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for this
purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35*len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*xcount_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.
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One record (line) per one integral result. The line is CSV comma separated. It contains 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) High level overview of the CAS
integer. Leafsize of result. independent integration test
integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed. build System

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. g
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.

WoOoNOLHWNE



Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each
CAS

21.1 Rubi

A grade: {[1}[23}[4} 5}(6} [7,[8 P} 10} 11} 12} 13} 14 [15) [16} 17} [18} 19} |20} 21} 22} 23} 24 [25} [26} 27
[28,29,80,B1}, 82,33}

B grade: { }
C grade: { }
F grade: { }

2.1.2 Mathematica

A grade: {[1,[23}[4} 5}[6} 7,/8 0} 110} 11} 12} 13} [L4 [L5} [16} 17} [18} 19} |20} 21} 22} 23} 24} [25},[26} [27,
28,2980, BT, B2, B3]}

B grade: { }
C grade: { }
F grade: { }

2.1.3 Maple

A grade: (13 5 5.7 5105 6 7 5 3 20 222 25 4 27 B2 )
B grade: {}

15



C grade: {}
F grade: {}

2.1.4 Maxima

A grade: (03 56 7 L 8L 2 3 23 27 5059
B grade: (NBBBNB IS MELED)

C grade: { 242526}

F grade: {[B}[10]}

21.5 FriCAS

A grade: {34 8}[0} 11} 12,13} 1415} 18] [19} |2} [03] 05} 26} [27) [0} 33} }

B grade: {35,010V (7} 20,23, 28, 28,25 B} 52
C grade: { }

F grade: { }

2.1.6 Sympy

A grade: (55315, I E3 2603
B grade: { }

C grade: { }

F grade: {[1}[2,B}[5} 6 [7 /8 L0} (11} 12} 13} 16} 1718} 20} 21} 22} 4} 25} [26) (28 [29} 31} [32]}

21.7 Giac

A grade: {15 57 5 7 5 5 0 2 2 5 5 B BT B B
B grade: {|29]}

C grade: (BB

F grade: {[5}[10]}

16
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2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it is

given just an F.

In this table,the column normalized size is defined as

antiderivative leaf size

optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 225 225 149 252 1019 1075 0 220
normalized size | 1 1. 0.66 1.12 4.53 4.78 0. 0.98
time (sec) N/A 0.14 0.309 0.099 1.64 2.055 0. 1.348
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 111 111 130 124 825 892 0 163
normalized size | 1 1. 1.17 1.12 7.43 8.04 0. 1.47
time (sec) N/A 0.046 0.195 0.031 1.592  2.049 0. 1.365
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 91 91 105 83 626 302 0 107
normalized size | 1 1. 1.15 0.91 6.88 3.32 0. 1.18
time (sec) N/A 0.032 0.078 0.029 1.59 2.137 0. 1.35
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 17 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.01 16.229 0.027 0. 0. 0. 0.
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Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 107 107 132 0 0 872 0 0
normalized size | 1 1. 1.23 0. 0. 8.15 0. 0.
time (sec) N/A 0.082 0.6 0.112 0. 2.091 0. 0.
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 227 227 152 244 1126 1065 0 225
normalized size | 1 1. 0.67 1.07 4.96 4.69 0. 0.99
time (sec) N/A 0.135 0.301 0.079 1.734  2.033 0. 1.301
Problem 7 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 112 112 134 120 910 883 0 166
normalized size | 1 1. 1.2 1.07 8.12 7.88 0. 1.48
time (sec) N/A 0.047 0.184 0.033 1.679  2.083 0. 1.36
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 91 91 109 79 691 296 0 109
normalized size | 1 1. 1.2 0.87 7.59 3.25 0. 1.2
time (sec) N/A 0.032 0.069 0.032 1.523 2.06 0. 1.423
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 18 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.01 17.559 0.028 0. 0. 0. 0.
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Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A F F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 108 108 136 0 0 860 0 0
normalized size | 1 1. 1.26 0. 0. 7.96 0. 0.
time (sec) N/A 0.086 0.656 0.118 0. 2123 0. 0.
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C B A F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 66 66 72 75 247 181 0 72
normalized size | 1 1. 1.09 1.14 3.74 2.74 0. 1.09
time (sec) N/A 0.056 0.151 0.04 1.43 2.179 0. 1.397
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C B A F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 52 52 75 49 166 154 0 58
normalized size | 1 1. 1.44 0.94 3.19 2.96 0. 1.12
time (sec) N/A 0.024 0.078 0.025 1.536  2.088 0. 1.379
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C B A F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 39 39 24 25 127 62 0 28
normalized size | 1 1. 0.62 0.64 3.26 1.59 0. 0.72
time (sec) N/A 0.015 0.025 0.024 1.403  2.072 0. 1.277
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 15 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.01 9.135 0.026 0. 0. 0. 0.
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Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 68 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.039 11.589 0.038 0. 0. 0. 0.
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 268 268 176 281 397 1905 0 246
normalized size | 1 1. 0.66 1.05 1.48 711 0. 0.92
time (sec) N/A 0.245 0.743 0.11 1.336 2.17 0. 1.433
Problem 17, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 136 136 155 141 270 1651 0 192
normalized size | 1 1. 1.14 1.04 1.99 12.14 0. 1.41
time (sec) N/A 0.094 0.385 0.049 1.282 2149 0. 1.386
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 110 110 140 94 130 358 0 127
normalized size | 1 1. 1.27 0.85 1.18 3.25 0. 1.15
time (sec) N/A 0.062 0.141 0.04 1.685  2.012 0. 1.402
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 32 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.031 59.454 0.054 0. 0. 0. 0.
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Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 268 268 181 273 435 1889 0 251
normalized size | 1 1. 0.68 1.02 1.62 7.05 0. 0.94
time (sec) N/A 0.233 0.733 0.102 1.491  2.167 0. 1.362
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 136 136 159 137 292 1635 0 194
normalized size | 1 1. 1.17 1.01 2.15 12.02 0. 1.43
time (sec) N/A 0.091 0.38 0.049 1.345 2169 0. 1.691
Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A A A F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 110 110 144 90 130 352 0 130
normalized size | 1 1. 1.31 0.82 1.18 3.2 0. 1.18
time (sec) N/A 0.062 0.138 0.043 1.692 2114 0. 1.35
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 32 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.031 62.484 0.056 0. 0. 0. 0.
Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A C B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 68 68 99 77 153 860 0 82
normalized size | 1 1. 1.46 1.13 2.25 12.65 0. 1.21
time (sec) N/A 0.096 0.207 0.059 1.776  2.043 0. 1.326
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Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C C A F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 75 75 88 75 163 265 0 95
normalized size | 1 1. 1.17 1. 217 3.53 0. 1.27
time (sec) N/A 0.053 0.2 0.051 1.762 2106 0. 1.384
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A C C A F C
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 56 56 48 49 61 132 0 57
normalized size | 1 1. 0.86 0.88 1.09 2.36 0. 1.02
time (sec) N/A 0.033 0.073 0.036 1.551 2.08 0. 1.356
Problem 27, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 30 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.03 20.282 0.05 0. 0. 0. 0.
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 261 261 194 493 724 1507 0 522
normalized size | 1 1. 0.74 1.89 2.77 5.77 0. 2.
time (sec) N/A 0.188 0.573 0.049 1.508 2.12 0. 1.32
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B F B
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 128 128 146 211 343 1033 0 282
normalized size | 1 1. 1.14 1.65 2.68 8.07 0. 2.2
time (sec) N/A 0.06 0.266 0.032 1.431 2161 0. 1.423
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Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 21 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.015 6.934 0.066 0. 0. 0. 0.
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A B B B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 311 311 240 558 811 2700 0 608
normalized size | 1 1. 0.77 1.79 2.61 8.68 0. 1.95
time (sec) N/A 0.379 1.383 0.073 2.254  2.256 0. 1.392
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A B B F A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 160 160 177 241 404 1922 0 335
normalized size | 1 1. 1.11 1.51 2.52 12.01 0. 2.09
time (sec) N/A 0.147 0.676 0.056 1.854  2.235 0. 1.376
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade N/A A A A A A A A
verified N/A N/A N/A TBD TBD TBD TBD TBD
size 43 0 0 0 0 0 0 0
normalized size | 1 0. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.045 15.661 0.099 0. 0. 0. 0.

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of

the integrand. Finally the ratio

number of rules
integrand size

integral was to solve. In this test, problem number [11] had the largest ratio of [ 0.5385 ]

is given. The larger this ratio is, the harder the




Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized .
# grade steps unique antiderivative l?‘::fgj;d %
used rules leaf size

1 A 12 7 1. 15 0.467
2 A 6 5 1. 13 0.385
3 A 5 4 1. 11 0.364
4 A 0 0 0. 0 0.

5 A 7 5 1. 33 0.152
6 A 12 7 1. 16 0.438
7 A 6 5 1. 14 0.357
8 A 5 4 1. 12 0.333
9 A 0 0 0. 0 0.
10 A 7 5 1. 35 0.143
11 A 12 7 1. 13 0.538
12 A 6 5 1. 11 0.454
13 A 5 4 1. 9 0.444
14 A 0 0 0. 0 0.
15 A 0 0 0. 0 0.
16 A 14 8 1. 17 0.471
17 A 8 6 1. 15 0.4
18 A 7 5 1. 13 0.385
19 A 0 0 0. 0 0.
20 A 14 8 1. 18 0.444
21 A 8 6 1. 16 0.375
22 A 7 5 1. 14 0.357
23 A 0 0 0. 0 0.
24 A 14 8 1. 15 0.533
25 A 8 6 1. 13 0.462
26 A 7 5 1. 11 0.454
27 A 0 0 0. 0 0.
28 A 12 7 1. 19 0.368
29 A 6 5 1. 17 0.294
30 A 0 0 0. 0 0.
31 A 14 8 1. 21 0.381

Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized - d
# rade t . tiderivati mtegran number of rules
g steps unique anti em./a ive leaf size integrand leaf size
used rules leaf size
32 A 8 6 1. 19 0.316
33 A 0 0 0. 0 0.
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Chapter 3

Listing of integrals

3.1 fxz sinh (a + bx + cxz) dx

Optimal. Leaf size=225

b2 b2 b2 b2
\/Ebzei_”Erf(b;%) \/Eei_”Erf(b;%) TR T Exfi ("2*\2[) e EExhi (b;;) beosh (a + b + e
) T6cn ) 8c2 " Tecon ) 8c72 ) 102

[Out] -(b*Cosh[a + bxx + c*x72])/(4*c”2) + (x*Coshl[a + b*x + cxx"2])/(2%c) - (b~2
*E7(-a + b72/(4xc))*Sqrt [Pi]*Erf [(b + 2%c*xx)/(2*Sqrtlc])])/(16xc~(5/2)) - (

E~(-a + b72/(4*c))*Sqrt [Pi]*Erf [(b + 2*xcx*x)/(2*Sqrt[c])])/(8%c~(3/2)) + (b~
2*xE~(a - b72/(4*c))*Sqrt [Pi]*Erfi[(b + 2*cx*x)/(2*Sqrtlcl)])/(16%c~(5/2)) -

(E~(a - b~2/(4*c))*Sqrt [Pi]*Erfi[(b + 2xc*x)/(2*Sqrtlc])])/(8*c~(3/2))

Rubi [A] time = 0.140079, antiderivative size = 225, normalized size of antiderivative =
1., number of steps used = 12, number of rules used = 7, integrand size = 15, number of rules _

integrand size
0.467, Rules used = {5386, 5375, 2234, 2204, 2205, 5382, 5374}

2y ) 2+/c
16¢5/2 8c3/2 16¢5/2 8c3/2 4c2

b2 b2 b2 b2
\/Ebzei_”Erf(w) \/Eez_uErf(bJrzcx) \rb?e" < Erfi (b;z/;x) \/re" % Erfi (b;%) bcosh (a + bx + cx’

Antiderivative was successfully verified.

[In] Int[x"2*Sinh[a + b*x + c*x~2],x]

[Out] -(b*Coshl[a + b*x + c*x72])/(4*c”2) + (x*Cosh[a + b*x + c*x72])/(2*c) - (b~2
*E~(-a + b72/(4*c))*Sqrt [Pi]*Erf [(b + 2xc*x)/(2*Sqrtlc])])/(16%c~(5/2)) - (

27
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E~(-a + b72/(4*c))*Sqrt [Pi]*Erf [(b + 2xc*x)/(2*Sqrtlc])])/(8*c~(3/2)) + (b~
2¥E"(a - b72/(4*c))*Sqrt [Pil*Erfi[(b + 2*c*x)/(2*Sqrtlc])])/(16%xc~(5/2)) -
(E~(a - b~2/(4%c))*Sqrt [Pi]*Erfi[(b + 2xc*x)/(2*Sqrtlc])])/(8*c~(3/2))

Rule 5386

Int[((d_.) + (e_.)*(x_)) " (m_)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Sy
mbol] :> Simp[(ex(d + e*xx)"(m - 1)*Coshl[a + bxx + c*x72])/(2%c), x] + (-Dis
t[(e™2x(m - 1))/(2%c), Int[(d + exx)"(m - 2)*Cosh[a + b*x + c*xx~2], x], x]

- Dist[(b*e - 2*c*d)/(2*c), Int[(d + e*x)"(m - 1)*Sinh[a + b*x + c*x"2], x]
, x]1) /; FreeQl{a, b, c, d, e}, x] && GtQ[m, 1] && NeQ[b*e - 2*c*xd, 0]

Rule 5375

Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*xx~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*xx"2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 2234

Int[(F)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4%c)), Int[F~((b + 2%c*x)~2/(4xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2204

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pi]*Erfi[(c + d*x)*Rt[bxLog[F], 2]1])/(2*d*Rt[b*Logl[F], 2]), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

Rule 2205

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pi]l*Erf [(c + d*x)*Rt[-(b*Logl[F]), 2]11)/(2*d*Rt [-(b*Log[Fl), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[bl]

Rule 5382

Int[((d_.) + (e_.)*(x_))*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol]

:> Simp[(e*Cosh[a + bxx + c*x72])/(2*c), x] - Dist[(b*e - 2%c*xd)/(2xc), In
t[Sinh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2
*xcxd, 0]

Rule 5374



29

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*x72), x], x] - Dist[1/2, Int[E"(-a - b*x - c*xx"2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rubi steps

x cosh (a +bx + cxz) fcosh (a +bx + cxz) dx b fx sinh (a +bx + cxz) dx

fxz sinh (a +bx + cxz) dx =

2c 2c 2c
b 2 2 2 (o 2 -
_ cosh(a+bx+cx)+xcosh(a+bx+cx)+b fsmh(a+bx+cx)dx_fe”
4c2 2c 4c2
b 2 2 2 —a—bx—cx2 2 b 2
_ Cosh(a+bx+cx)+xcosh(a+bx+cx)_b fe” X—CX dx+b fea+x+cx dx
4c2 2c 8c2 8c2

b2 b2
—a+— b+2 -
b cosh (a +bx + cxz) x cosh (a +bx + cxz) e Vnerf( 2\/?) ¢ & yrerfi
= — + _

4c? 2c 8¢3/2 - 8¢3/2
b2 b2
—a+— b+2cx —a+—
b cosh (a +bx + cxz) x cosh (a +bx + cxz) bPe i \/Eerf( e ) e e
=— + - _ i
4¢? 2c 16¢52 8¢

Mathematica [A] time = 0.308602, size = 149, normalized size = 0.66

(2 ) oo ) £) -2 ) o5 i3]

16¢52

Antiderivative was successfully verified.

[In] Integrate[x~2*Sinh[a + b*x + c*x72],x]

[Out] (4*xSqrtlc]*(-b + 2xc*x)*Cosh[a + x*x(b + cxx)] + (b~2 + 2*c)*Sqrt[Pi]*Erf[(b
+ 2xc*x)/(2xSqrt[c])]*(-Cosh[a - b~2/(4*c)] + Sinh[a - b~2/(4*c)]) + (b~2

- 2xc)*Sqrt [Pi]l*Erfi[(b + 2xcxx)/(2*Sqrt[c])]*(Cosh[a - b"2/(4*c)] + Sinh[a

- b72/(4%c)]))/(16%c~(5/2))

Maple [A] time = 0.099, size = 252, normalized size = 1.1

4¢ 8 c? 16

E_a \/E _4ac—b2 b1
5 \/_) - ?e 4c Erf(\/zx + ET

2
) 3 xecx +bx+a be

2 2 2
xe =¥ bx—a pe—cx bx—a b2 / 4ac b
c
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*sinh(c*x~2+b*x+a),x)

[Out] 1/4/c*x*xexp(-cxx~2-b*x-a)-1/8*b/c 2*exp(-c*x~2-b*x-a)-1/16xb~2/c~(5/2)*Pi~(
1/2)*exp(-1/4*(4xa*xc-b"2) /c)*erf (c™(1/2)*x+1/2%b/c~(1/2))-1/8/c~(3/2)*Pi~ (1
/2)*xexp(-1/4* (4*axc-b~2)/c)*erf (c™(1/2)*x+1/2%b/c”(1/2))+1/4/c*x*exp (c*x~2+
b*x+a)-1/8%b/c”2*%exp (c*xx~2+b*x+a)-1/16%b~2/c”2*%Pi~ (1/2) *exp(1/4* (4*a*xc-b~2)

/c)/ (=)~ (1/2)*erf (- (-c)~(1/2) *x+1/2%b/ (-c) " (1/2))+1/8/c*Pi~ (1/2) *exp (1/4%(
4xaxc-b~2)/c)/(-c)~(1/2)*erf (-(-c)~(1/2)*x+1/2xb/(-c)~(1/2))

Maxima [B] time = 1.64044, size = 1019, normalized size = 4.53

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*sinh(c*x~2+b*x+a),x, algorithm="maxima")

[Out] 1/3*x73*sinh(c*x”2 + b*x + a) + 1/96*(sqrt(pi)*(2*cxx + b)*b~3*(erf (1/2*sqr
t(-(2xc*x + b)"2/c)) - 1)/(sqrt(-(2*xc*xx + b)~2/c)*c™(7/2)) - 6*b~2xe” (1/4%(
2xcxx + b)~2/c)/c”(5/2) - 12%(2*c*x + b) " 3*b*gamma(3/2, -1/4*%(2*c*x + b)~2/
c)/((=(2%c*x + b)~2/c)”(3/2)*c™(7/2)) + 8xgamma(2, -1/4*%(2%c*x + b)~2/c)/c”
(3/2))*b*e”(a - 1/4%b"2/c)/sqrt(c) - 1/96*(sqrt(pi)*(2*c*xx + b)*b~4x*(erf (1/
2xsqrt (-(2xc*x + b)~2/c)) - 1)/(sqrt(-(2*c*x + b)~2/c)*c~(9/2)) - 8*b~3*e”(
1/4%(2xcxx + b)~2/c)/c™(7/2) - 24%(2*cxx + b) " 3*b~2xgamma (3/2, -1/4%(2%c*x
+ b)72/c)/((=(2xc*xx + b)72/c)”(3/2)*c™(9/2)) + 32*b*xgamma(2, -1/4*(2xc*xx +
b)~2/c)/c”(5/2) - 16%(2*cxx + b) “bkgamma(5/2, -1/4x(2%cxx + b)~2/c)/((-(2xc
*x + b)72/c)”(5/2)*%c~(9/2)) ) *sqrt(c)*e”(a - 1/4*b~2/c) + 1/96*(sqrt(pi)*(2x*
c*x + b)*b"3x(erf (1/2*sqrt ((2xc*x + b)~2/c)) - 1)/(sqrt((2*c*x + b)~2/c)*(-
c)~(7/2)) + 6*xb"2xcxe” (-1/4*%(2*c*xx + b)~2/c)/(-c)~(7/2) - 12%(2%c*x + b) 3%
bxgamma (3/2, 1/4*(2*cxx + b)~2/c)/(((2*xc*x + b)~2/c)~(3/2)*(-c)~(7/2)) + 8%
c"2*xgamma (2, 1/4%(2xc*xx + b)~2/c)/(-c)~(7/2))*b*e”(-a + 1/4*b~2/c)/sqrt(-c)
+ 1/96* (sqrt (pi) *(2%c*x + b)*b~4*(erf (1/2*sqrt((2%c*x + b)~2/c)) - 1)/(sqr
t((2%c*x + b)"2/c)*x(-c)~(9/2)) + 8*xb~3xc*xe” (-1/4x(2*cxx + b)~2/c)/(-c)~(9/2
) = 24x(2xc*x + b) "3*%b~2*gamma(3/2, 1/4x(2xc*x + b)~2/c)/(((2%c*x + b)~2/c)
~(3/2)*(=c)~(9/2)) + 32*%b*c”2*gamma (2, 1/4*(2*c*x + b)~2/c)/(-c)~(9/2) - 16
*(2%c*x + b) “bxgamma(5/2, 1/4%(2*xc*x + b)~2/c)/(((2%c*xx + b)"2/c)~(5/2)*(-c
)7(9/2)))*cxe” (~a + 1/4*%b"2/c)/sqrt(-c)
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Fricas [B] time = 2.05521, size = 1075, normalized size = 4.78

4c%x+2 (2 c?x - bc) cosh (cx2 +bx + a)2 - \/E((bz -2 c) cosh (cx2 +bx + a) cosh (—%) + (b2 -2 c) cosh (cx2 +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*sinh(c*x~2+b*x+a),x, algorithm="fricas")

[Out] 1/16%(4*c™2xx + 2% (2%c”2%x - b*c)*cosh(c*x™2 + b*x + a)~2 - sqrt(pi)*((b~2
- 2xc)*cosh(c*x™2 + b*xx + a)*xcosh(-1/4*%(b"2 - 4x*axc)/c) + (b~2 - 2*c)*cosh(
c*x"2 + b*x + a)*sinh(-1/4x(b"2 - 4xaxc)/c) + ((b"2 - 2*c)*cosh(-1/4*x(b"2 -
4xaxc)/c) + (b72 - 2+c)*sinh(-1/4*(b"2 - 4*xaxc)/c))*sinh(c*x”2 + b*x + a))
xsqrt (-c)*xerf (1/2x(2xc*x + b)*sqrt(-c)/c) - sqrt(pi)*((b~2 + 2x*c)*cosh(c*x”
2 + b*x + a)*cosh(-1/4%(b~2 - 4x*ax*c)/c) - (b2 + 2xc)*cosh(c*x"2 + b*x + a)
*3inh(-1/4*%(b”2 - 4*xaxc)/c) + ((b™2 + 2*c)*cosh(-1/4*x(b"2 - 4xaxc)/c) - (b~
2 + 2%c)*sinh(-1/4*%(b~2 - 4*axc)/c))*sinh(c*x"2 + b*x + a))*sqrt(c)*erf(1/2
*x(2xc*x + b)/sqrt(c)) + 4*(2*c™2%x - b*c)*cosh(c*x™2 + b*x + a)*sinh(c*x™2
+ bkx + a) + 2% (2*%c”2%x - b*c)*sinh(c*x™2 + b*x + a)~2 - 2xb*c)/(c"3*cosh(c
*x72 + b*x + a) + c”3*sinh(c*x”2 + bxx + a))

Sympy [F] time = 0., size = 0, normalized size = 0.

f x%sinh (a +bx + cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*sinh(c*x**2+b*x+a) ,x)

[Out] Integral(x**2*sinh(a + b*x + cxx**2), x)

Giac [A] time = 1.34842, size = 220, normalized size = 0.98

(b2—4 ac)
\/E(b2+2 c) erf(—% \/E(Z x+é))e 4e
Nz

\/E(bz—Z c) erf(—1 \/—_6(2 x+é))e( bz:ﬁ ’w)
2\/__ . —2(0(2x+§)—
16 2 16 2

+2 (C(Zx + 127) -2 b)e(_cxz_bx_“)

o

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x~2*sinh(c*x~2+b*x+a),x, algorithm="giac")

[Out] 1/16%(sqrt(pi)*(b~2 + 2x*c)*erf(-1/2*xsqrt(c)*(2*x + b/c))*e”(1/4%(b~2 - 4*ax
c)/c)/sqrt(c) + 2x(cx(2*xx + b/c) - 2xb)*e”(-c*xx"2 - b*x - a))/c™2 - 1/16%(s
gqrt(pi)*(b~2 - 2*c)*erf(-1/2*sqrt(-c)*(2xx + b/c))*e”(-1/4* (b2 - 4*axc)/c)
/sqrt(-c) - 2*(cx(2%x + b/c) - 2*¥b)*e”(c*x”2 + b*x + a))/c”2
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3.2 fxsinh (a + bx + cxz) dx

Optimal. Leaf size=111

¥ ¥
7 _ b+2 - b+2
\/Tthe4e ”Erf( 2\/?) \/rtbe” % Erfi (2—\/?) cosh (a + by +cx2)
8c3/2 B 8¢3/2 * 2c

[Out] Coshla + b*x + c*x72]/(2%c) + (b*E~(-a + b~2/(4%*c))*Sqrt[Pi]*Erf[(b +
)/ (2xSqrt[c])]1)/(8%c~(3/2)) - (b*E~(a - b~2/(4*c))*Sqrt[Pil*Erfil[(b + 2*c*x
)/ (2%Sqrt[c])]1)/(8xc™(3/2))

Rubi [A] time = 0.0462197, antiderivative size = 111, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 13, L

integrand size
0.385, Rules used = {56382, 5374, 2234, 2204, 2205}

b2 b2
Vrbe "Exf (b;z/éx) Vrbe" = Erfi (b;%) cosh (a + bx + cxz)
8c3/2 - 8¢3/2 2c

Antiderivative was successfully verified.

[In] Int[x*Sinh[a + b*x + c*xx"2],x]

[Out] Coshl[a + b*x + c*x72]/(2xc) + (b*E~(-a + b~2/(4*c))*Sqrt[Pi]*Erf[(b +
)/ (2xSqrt[c])])/(8%c~(3/2)) - (b*E~(a - b~2/(4*c))*Sqrt[Pi]*Erfil[(b + 2*c*x
)/ (2x8qrt [c])]1)/(8%c™(3/2))

Rule 5382

Int[((d_.) + (e_.)*(x_))*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol]

:> Simp[(e*Cosh[a + bxx + c*x72])/(2*c), x] - Dist[(b*e - 2*c*d)/(2*c), In
t[Sinh[a + b*x + c*x"2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2
*xcxd, 0]

Rule 5374

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*x~2), x], x] - Dist[1/2, Int[E~(-a - b*x - c*xx~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 2234

2%Cc*x

2%Cc*x
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Int[(F_)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4%c)), Int[F~((b + 2%c*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2204

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr
t[Pi]l*Erfi[(c + d*x)#*Rt[b*Logl[F], 2]])/(2xd*Rt[bxLoglF], 2]1), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

Rule 2205
Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F a*Sqr

t[Pi]l*Erf [(c + d*x)*Rt[-(bxLogl[F]), 2]11)/(2*d*Rt[-(b*Log[Fl), 21), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rubi steps

cosh (a + bx + cxz) bfsinh (a + bx + cxz) dx

fxsinh (a +bx + cxz) dx =

2c 2c
cosh (a +bx + cxz) b emabx-e gy [ et o dx
= + _
2c 4c 4c
u_f (b+Zcx)2 ( b— Zcx
cosh (a +bx + cxz) (be 4C) fe dx ( e 45) fe e
= - +
2c 4c 4c
—a+f b+2cx a_f b+2cx
cosh (a +bx + cxz) be " \/Eerf( NG ) be" % \/Eerﬁ( e )
- 2c * 8312 B 8c32

Mathematica [A] time = 0.194711, size = 130, normalized size = 1.17

ﬁbErf(b;%) (cosh (a - Z—i) —sinh (u - —)) \/mbErfi (b+\2;_x) (s' h (a - Z—z) + cosh (a - b—)) + 4+Jc cosh(a + x(b -

8¢3/2
Antiderivative was successfully verified.

[In] Integrate[x*Sinh[a + b*x + c*xx~2],x]

[Out] (4*xSqrtl[cl*Coshl[a + x*(b + c*x)] + bxSqrt[Pil*Erf[(b + 2xcx*x)/(2*Sqrtlc])]*
(Cosh[a - b™2/(4xc)] - Sinh[a - b~2/(4*c)]) - b*Sqrt[Pil*Erfil[(b + 2%c*x)/(
2%Sqrt[c])]1*(Cosh[a - b™2/(4*c)] + Sinh[a - b72/(4*c)]))/(8%c~(3/2))
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Maple [A] time = 0.031, size = 124, normalized size = 1.1

e—cxz—bx a b \/_

4c

4ac—b2 b1 3 ecx2+bx+ﬂ bﬁ 4ac-b? b 1 1
Erf{vex+ -—]c 2 + e 4 Erf X+ ——|—=
(\/_ 24/ ) 4c ( Voers 2 \/—_c) V-c
Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*sinh(c*x~2+b*x+a),x)

[Out] 1/4/c*xexp(-c*x~2-b*x-a)+1/8*b/c~(3/2)*Pi~(1/2)*exp(-1/4*(4*axc-b"2)/c)*erf(
c~(1/2)*x+1/2%b/c”(1/2))+1/4/c*exp(c*xx™2+b*x+a) +1/8xb/c*xPi~(1/2) *xexp(1/4* (4
*axc-b~2)/c)/ (=)~ (1/2) *erf (- (-c)~(1/2)*x+1/2*b/(-c)~(1/2))

Maxima [B] time = 1.59159, size = 825, normalized size = 7.43

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sinh(c*x~2+b*x+a),x, algorithm="maxima")

[Out] 1/2*x"2*sinh(c*x”2 + b*x + a) - 1/32*(sqrt(pi)*(2*cxx + b)*b~2*(erf (1/2*sqr
t(-(2%c*x + b)72/c)) - 1)/(sqrt(-(2%c*x + b)~2/c)*c”(5/2)) - 4xbxe” (1/4* (2%
ckx + b)72/c)/c”(3/2) - 4x(2%c*x + b) " 3xgamma(3/2, -1/4x(2xc*x + b)~2/c)/((
—(2%c*x + b)"2/c)”(3/2)*c”(5/2)))*b*xe”(a - 1/4xb"2/c)/sqrt(c) + 1/32%(sqrt(
pi)*(2*%cxx + b)*b~3*(erf (1/2xsqrt(-(2%c*x + b)~2/c)) - 1)/(sqrt(-(2*c*x + b
)72/c)*c”(7/2)) - 6xb72xe” (1/4%(2xcxx + b)~2/c)/c™(5/2) - 12%(2%c*x + b) "3%
bxgamma (3/2, -1/4%(2%c*x + b)~2/c)/((-(2%c*x + b)~2/c)~(3/2)*c~(7/2)) + 8xg
amma (2, -1/4%(2%c*xx + b)~2/c)/c”(3/2))*sqrt(c)*e”(a - 1/4*%b"2/c) + 1/32%(sq
rt (pi)*(2*c*x + b)*b~2x(erf (1/2*sqrt ((2%c*x + b)~2/c)) - 1)/(sqrt((2*c*x +
b)~2/c)*(-c)"(5/2)) + 4xbxcxe” (-1/4%x(2xc*x + b)~2/c)/(-c)~(5/2) - 4x(2%c*x
+ b)"3*gamma (3/2, 1/4%x(2xc*x + b)~2/c)/(((2*c*x + b)~2/c)~(3/2)*(-c)~(5/2))
)*¥bxe~(-a + 1/4%b~2/c)/sqrt(-c) + 1/32x(sqrt(pi)*(2*c*x + b)*b~3*(erf (1/2*s
qrt ((2%cxx + b)~2/c)) - 1)/(sqrt((2xcxx + b)~2/c)*(-c)~(7/2)) + 6*%b~2xcxe” (
-1/4%(2xc*xx + b)~2/c)/(=c)~(7/2) - 12x(2*c*x + b) “3*b*gamma(3/2, 1/4*(2xc*x
+ b)72/c)/(((2%c*x + b)~2/c)”(3/2)*%(~c)~(7/2)) + 8*c™2xgamma(2, 1/4*(2*c*x
+ b)72/c)/(-c)~(7/2))*cxe”(-a + 1/4*b~2/c)/sqrt(-c)
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Fricas [B] time = 2.04929, size = 892, normalized size = 8.04

2 —4 0 . —4&4c
2ccosh (cx2 +bx + a) + \/E(b cosh (cx2 + bx + a) cosh (—bz4—ic) + bcosh (cx2 + bx + a) sinh (— bzﬁj ) + (b cosh (—

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sinh(c*x~2+b*x+a),x, algorithm="fricas")

[Out] 1/8%(2*cxcosh(c*x™2 + b*x + a)~2 + sqrt(pi)*(b*cosh(c*x™2 + b*x + a)*cosh(-
1/4x(b"2 - 4%*a*c)/c) + b*cosh(c*x™2 + b*x + a)*sinh(-1/4*%(b"2 - 4*axc)/c) +
(b*xcosh(-1/4%(b"2 - 4x*a*xc)/c) + bxsinh(-1/4%(b"2 - 4*a*xc)/c))*sinh(c*x"2 +

b*x + a))*sqrt(-c)xerf(1/2*%(2xc*x + b)*sqrt(-c)/c) + sqrt(pi)*(bxcosh(c*x™
2 + b*x + a)xcosh(-1/4%(b~2 - 4x*axc)/c) - b*cosh(c*x™2 + b*x + a)*sinh(-1/4
*(b~2 - 4*axc)/c) + (bxcosh(-1/4%(b"2 - 4*a*c)/c) - bxsinh(-1/4%(b"2 - 4*ax
c)/c))*sinh(c*x™2 + b*x + a))xsqrt(c)*erf(1/2+x(2%c*x + b)/sqrt(c)) + 4*cxco
sh(c*x™2 + b*x + a)*sinh(c*x”2 + b*x + a) + 2*c*sinh(c*x™2 + b*x + a)™2 + 2
xc)/(c”2*cosh(c*x"2 + b*x + a) + c"2xsinh(c*x”2 + b*x + a))

Sympy [F] time = 0., size = 0, normalized size = 0.

fx sinh (a +bx + cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sinh(ckx**2+b*x+a),x)

[Out] Integral(x*sinh(a + b*x + c*xx**2), x)

Giac [A] time = 1.36486, size = 163, normalized size = 1.47

s o (2 : oy (-2
/b erf(—z \/2(2 x+ E))e ¢ L e(—cxz—bx—a) \/mib erf(—i \/—_c(z x+2))e c
) v ) =
8¢ 8c

+2 e(cx2+bx+a)

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x*sinh(c*x~2+b*x+a),x, algorithm="giac")

[Out] -1/8*(sqrt(pi)*b*erf(-1/2*xsqrt(c)*(2*x + b/c))*e”(1/4%x(b~2 - 4*axc)/c)/sqrt
(c) - 2xe”(-c*x"2 - b*x - a))/c + 1/8*(sqrt(pi)*bxerf (-1/2*sqrt(-c)*(2*x +
b/c))*e” (-1/4*%(b~2 - 4*axc)/c)/sqrt(-c) + 2*e~(c*x"2 + b*x + a))/c
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3.3 fsinh (a + bx + cxz) dx

Optimal. Leaf size=91

a4 ¥
_r b+2cx - b+2cx
\e” 4cErﬁ( ;/; ) . Ve ”Erf( ;/; )

e e

[Out] -(E"(-a + b~2/(4*c))*Sqrt [Pil*Erf[(b + 2xc*x)/(2xSqrtlc])])/(4*xSqrtlc]l) + (
E~(a - b72/(4*c))*Sqrt [Pil*Erfi[(b + 2*cx*x)/(2*Sqrt[c])])/(4xSqrtlc])

Rubi [A] time = 0.0323733, antiderivative size = 91, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 11, e =

integrand size
0.364, Rules used = {5374, 2234, 2204, 2205}

b2 b2
_r b+2 —— b+2
e’ 4cErﬁ( ;/;x) ) e ”Erf( ;/;x)

e e

Antiderivative was successfully verified.

[In] Int[Sinh[a + b*x + c*x~2],x]

[Out] -(E"(-a + b~2/(4*c))*Sqrt [Pil*Erf[(b + 2xc*x)/(2*Sqrtlc])])/(4*Sqrtlc]l) + (
E~(a - b™2/(4x*c))*Sqrt [Pi]*Erfi[(b + 2xcx*x)/(2*Sqrtlc])])/(4xSqrt(c])

Rule 5374

Int[Sinh[(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*xx~2), x], x] - Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 2234

Int[(F)~((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4%c)), Int[F~((b + 2%c*x)~2/(4xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2204

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr
t[Pi]*Erfi[(c + d*x)*Rt[bxLog[F], 2]1])/(2*xd*Rt[b*Logl[F], 2]), x] /; FreeQ[{
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F, a, b, c, d}, x] && PosQ[b]

Rule 2205

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Logl[F]), 2]11)/(2*d*Rt[-(b*Logl[F]), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rubi steps

1 1
fsinh (a +bx + cx2) dx=-|= fe—a—bx—cxz e fe“bx“xz I
2 2

b2

1 .2 [ G29? 1 .2 <bzcx>2
=—¢" 4cfe i dx—Ee ”+4cfe dx

2
4C \/—erf ( b+2cx ) e 4c \/—erﬁ ( b+2cx )
N e

Mathematica [A] time = 0.0780894, size = 105, normalized size = 1.15

Vi (Bt () (v (e~ ) ~cosh o))+ o (5 (sinh o~ ) ot o= £))
4e

Antiderivative was successfully verified.

[In] Integrate[Sinh[a + b*x + c*x72],x]

[Out] (Sqrt[Pil*(Erf[(b + 2xc*x)/(2*Sqrt[c])]*(-Cosh[a - b~2/(4*c)] + Sinh[a - b~
2/(4xc)]) + Erfil[(b + 2xc*x)/(2*Sqrt[c])]*(Cosh[a - b~2/(4%c)] + Sinh[a - b
"2/ (4%c)])))/(4xSqrtlcl)

Maple [A] time = 0.029, size = 83, normalized size = 0.9

\/E _4ac—b2 b1 1 \/E 4ac b2
—Te 4 Erf \/Ex + §$ % - T Erf \/_x +

1

ke

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(sinh(c*x~2+b*x+a),x)

[Out] -1/4%Pi~(1/2)*exp(-1/4*(4xa*xc-b~2)/c)/c”(1/2)*erf(c~(1/2)*x+1/2%b/c~(1/2))-
1/4*%Pi~ (1/2) *xexp(1/4* (d*axc-b~2)/c)/(-c)~(1/2)*erf (-(-c)~(1/2)*x+1/2xb/(-c)
~(1/2))

Maxima [B] time = 1.58995, size = 626, normalized size = 6.88

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(c*x~2+b*x+a),x, algorithm="maxima")

[Out] 1/8*(sqrt(pi)*(2*cxx + b)*b*(erf(1/2*sqrt(-(2*c*x + b)~2/c)) - 1)/(sqrt(-(2
xcxx + b)72/c)*c”(3/2)) - 2xe”(1/4%(2xcxx + b)~2/c)/sqrt(c))*bxe”(a - 1/4%b
~2/c)/sqrt(c) - 1/8*(sqrt(pi)*(2%c*x + b)*b~2*(erf (1/2*sqrt(-(2*c*x + b)~2/
c)) - 1)/(sqrt(-(2*c*x + b)~2/c)*c”(5/2)) - 4xb*xe” (1/4*(2%c*xx + b)~2/c)/c™(
3/2) - 4x(2xc*x + b) "3*kgamma(3/2, -1/4*%(2xc*x + b)~2/c)/((-(2*%c*x + b)~2/c)
~(3/2)*c™(5/2)))*sqrt(c)*e”(a - 1/4%b~2/c) + 1/8*(sqrt(pi)*(2*c*xx + b)*bx(e
rf (1/2%sqrt ((2*%c*x + b)72/c)) - 1)/(sqrt((2*%cxx + b)~2/c)*(-c)~(3/2)) + 2x*c
xe” (-1/4%(2xcxx + b)72/c)/(-c)"(3/2))*b*xe” (-a + 1/4*%b”"2/c)/sqrt(-c) + 1/8%(
sqrt (pi)*(2*xc*x + b)*b~2*(erf (1/2*sqrt ((2*c*x + b)~"2/c)) - 1)/(sqrt((2*c*x
+ b)72/c)*(-c)7(5/2)) + 4xbkxckxe”(-1/4*(2xcxx + b)~2/c)/(-c)~(5/2) - 4*(2%cx
X + b) " 3xgamma(3/2, 1/4*%(2*cxx + b)~2/c)/(((2*xc*x + b)~2/c)~(3/2)*(-c)~(5/2
)))*cxe”(-a + 1/4*%b"2/c)/sqrt(-c) + x*sinh(c*x”2 + b*x + a)

Fricas [A] time = 2.13713, size = 302, normalized size = 3.32

b2—4ac . b2—4ac (2 cx+b)\/~c b2 -4ac . b2—4ac 2cx+b
_\/E\/—_c(cosh (_T) + sinh (_T)) erf(T) + \/E\/E(cosh (— e ) — sinh (— . )) erf( v )

4c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(c*x~2+b*x+a),x, algorithm="fricas")

[Out] -1/4x(sqrt(pi)*sqrt(-c)*(cosh(-1/4%(b"2 - 4xa*xc)/c) + sinh(-1/4%(b"2 - 4x*ax
c)/c))*xerf (1/2x(2%c*x + b)*sqrt(-c)/c) + sqrt(pi)*sqrt(c)*(cosh(-1/4*(b"2 -
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4dxaxc)/c) - sinh(-1/4%(b"2 - 4xaxc)/c))*erf(1/2+%(2xc*x + b)/sqrt(c)))/c

Sympy [F] time = 0., size = 0, normalized size = 0.

f sinh (a +bx + cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(c*x**2+b*x+a),x)

[Out] Integral(sinh(a + b*x + c*xx**2), x)

Giac [A] time = 1.34978, size = 107, normalized size = 1.18

b2-4ac _ ¥2-4ac )

Vet (o T reat( 2y )4
4+ B 4+=c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(c*x~2+b*x+a),x, algorithm="giac")

[Out] 1/4*sqrt(pi)*erf(-1/2xsqrt(c)*(2*x + b/c))*e”(1/4*(b"2 - 4*axc)/c)/sqrt(c)
- 1/4*sqrt(pi)*erf (-1/2xsqrt(-c)*(2*x + b/c))*e”(-1/4x(b~2 - 4xa*xc)/c)/sqrt
(-¢)
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dx

34 f sinh(a+bx+cx2)

Optimal. Leaf size=17

X

sinh (a +bx + cxz)

, X

Unintegrable ( "

[Out] Unintegrable[Sinh[a + b*x + c*x72]/x, x]

Rubi [A] time = 0.0101543, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, ————
integrand size

Rules used = {}

dx

f sinh (a +bx + cxz)
x

Verification is Not applicable to the result.

[In] Int[Sinh[a + b*x + c*x~2]/x,x]

[Out] Defer[Int] [Sinh[a + b*x + c*x"2]/x, x]

Rubi steps

dx

f sinh (a +bx + cxz) ; f sinh (a +bx + cxz)
x =
x

X

Mathematica [A] time = 16.2291, size = 0, normalized size = 0.

dx
X

f sinh (a +bx + cxz)

Verification is Not applicable to the result.

[In] Integrate[Sinh[a + b*x + c*x~2]/x,x]

[Out] Integrate[Sinh[a + b*x + c*x72]/x, x]
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Maple [A] time = 0.027, size = 0, normalized size = 0.

dx

f sinh (cx2 +bx + a)
x

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sinh(c*x~2+b*x+a)/x,x)

[Out] int(sinh(c*x~2+b*x+a)/x,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

dx

f sinh (cx2 + bx + a)
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(c*x~2+bx*x+a)/x,x, algorithm="maxima")

[Out] integrate(sinh(c*x”2 + b*x + a)/x, x)

Fricas [A] time = 0., size = 0, normalized size = 0.

sinh (cx2 +bx + a)

X

integral ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(c*x~2+bx*x+a)/x,x, algorithm="fricas")

[Out] integral(sinh(c*x"2 + b*x + a)/x, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

dx

f sinh (a +bx + cxz)
x



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(cxx**2+b*x+a)/x,x)

[Out] Integral(sinh(a + b*x + c*x**2)/x, Xx)

44

Giac [A] time = 0., size = 0, normalized size = 0.

dx

f sinh (cx2 +bx + a)
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(c*x~2+b*x+a)/x,x, algorithm="giac")

[Out] integrate(sinh(c*x”2 + b*x + a)/x, x)
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+ dx

X x2

35 f B b cosh(a+bx+cx2) sinh(a+bx+cx2)

Optimal. Leaf size=107

sinh (a +bx + cxz)

1 2, b+2x\ 1 L b+ 2cx
N Erf( = )+5\/M6 4cErﬁ( = )_

[Out] (Sqrtlc]*E~(-a + b~2/(4*c))*Sqrt[Pi]*Erf[(b + 2*xc*x)/(2%Sqrtlcl)])/2 + (Sqr
t[c]*E~(a - ™2/ (4%c))*Sqrt [Pil*Erfi[(b + 2*c*x)/(2%Sqrt[c])])/2 - Sinh[a +
b*x + c*x72]/x

X

Rubi [A] time = 0.0822187, antiderivative size = 107, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 5, integrand size = 33, /e

0.152, Rules used = {5390, 5375, 2234, 2204, 2205}

integrand size

b2

1 ¥, b+2cx\ 1 L b+ 2cx
N Erf( = )+§\/E\/Ee 4Erﬁ( = )_

sinh (a +bx + cxz)

X

Antiderivative was successfully verified.

[In] Int[-((b*Cosh[a + b*x + c*xx"2])/x) + Sinh[a + b*x + c*x~2]/x"2,x]

[Out] (Sqrtlcl*E~(-a + b~2/(4*c))*Sqrt[Pil*Erf[(b + 2%c*x)/(2*Sqrtlc])])/2 + (Sqr
t[c]*E~(a - b~2/(4xc))*Sqrt [Pi]*Erfi[(b + 2*xcxx)/(2*Sqrt[c])])/2 - Sinh[a +
b*x + c*x72]/x

Rule 5390

Int[((d_.) + (e_.)*(x_))"(m_)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2], x_Sy
mbol] :> Simp[((d + exx)"(m + 1)*Sinh[a + b*x + c*x72])/(ex(m + 1)), x] + (
-Dist[(2%c)/(e”2%(m + 1)), Int[(d + exx)"(m + 2)*Cosh[a + b*x + c*x~2], x],
x] - Dist[(b*e - 2%cxd)/(e"2x(m + 1)), Int[(d + e*x) " (m + 1)*Coshl[a + b*x
+ cxx~2], x], x]) /; FreeQ[{a, b, c, d, e}, x] && LtQ[m, -1] && NeQ[bxe - 2
*c*xd, 0]

Rule 5375

Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*x~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*xx"2), x], x] /; Fr
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eeQ[{a, b, c}, x]

Rule 2234

Int[(F)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4%c)), Int[F~((b + 2%c*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2204

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr
t[Pi]*Erfi[(c + d*x)#*Rt[b*Logl[F], 21]1)/(2*d*Rt[b*Log[F], 21), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

Rule 2205

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Logl[F]), 2]1]1)/(2*d*Rt[-(b*Logl[F]), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rubi steps

dx

+
X x2 X X2

f[ bcosh(a+bx+cx2) sinh(a+bx+cx2)]d (bfcosh(a+bx+cx2)d) fsinh(a+bx+cx2)
- X =- x|+

sinh (a +bx + cx2)

- _ + (20) fcosh (a +bx + cxz) dx
x
. 2
_ _Slnh (a +bx + cx ) + Cfe—a—bx—cxz dx + Cfea+bx+cx2 dx
x

sinh (a + bx + cx b+2cx)2 P ]
=— ce" 4c 4c dx+(ce 4 fe
X
1
2

i) Lt 2)

Mathematica [A] time = 0.599733, size = 132, normalized size = 1.23

2

\/E\/ExErf(b;%) (cosh (a - Z—i) — sinh (a - —)) \/—\/ExErﬁ( +\/C_ ) ( inh (a - Z—) + cosh (u - Z—i)) - 2sinh(a + xi

2x

Antiderivative was successfully verified.
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[In] Integrate[-((b*Cosh[a + b*x + c*x72])/x) + Sinh[a + b*x + c*x72]/x72,x]

[Out] (Sqrtlcl*Sqrt[Pi]*x*Erf[(b + 2%c*x)/(2*Sqrt[c])]*(Cosh[a - b~2/(4*c)] - Sin
hla - b™2/(4*c)]) + Sqrtlc]*Sqrt[Pil*x*Erfi[(b + 2%c*x)/(2*Sqrt[c])]*(Coshl[
a - b”2/(4*%c)] + Sinh[a - b72/(4*c)]) - 2xSinh[a + x*(b + c*x)])/(2*x)

Maple [F] time = 0.112, size = 0, normalized size = 0.

b cosh (cx2 +bx + a) sinh (cx2 + bx + a)
f - + 5 dx
X X

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-b*cosh(c*x~2+bxx+a)/x+sinh(c*xx"2+b*x+a)/x"2,%x)

[Out] int(-b*cosh(c*x~2+b*x+a)/x+sinh(c*x"2+b*x+a)/x"2,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

+ dx
X x2

f b cosh (cx2 +bx + a) sinh (cx2 +bx + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(-b*cosh(c*x~2+b*x+a)/x+sinh(c*x~2+b*x+a)/x"2,x, algorithm="maxima

Il)

[Out] integrate(-b*cosh(c*x~2 + b*x + a)/x + sinh(c*x"2 + b*x + a)/x"2, x)

Fricas [B] time = 2.09119, size = 872, normalized size = 8.15

bP-4ac . vP-4ac bP—4ac . b4
\/E(x cosh (cx2 +bx + a) cosh (— . ) + x cosh (cx2 +bx + a) sinh (— . ) + (x cosh (_T +xsinh (-~

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(-b*cosh(c*x™2+b*x+a)/x+sinh(c*x”2+b*x+a)/x"2,x, algorithm="fricas

Il)

[Out] -1/2x(sqrt(pi)*(x*cosh(c*x~2 + b*x + a)*cosh(-1/4*%(b~2 - 4xaxc)/c) + x*cosh
(c*x72 + bxx + a)*sinh(-1/4*(b~2 - 4*axc)/c) + (x*cosh(-1/4%(b~2 - 4*axc)/c

) + x*sinh(-1/4%(b~2 - 4xaxc)/c))*sinh(c*x™2 + b*x + a))*sqrt(-c)*erf (1/2x*(

2xcxx + b)*sqrt(-c)/c) - sqrt(pi)*(x*xcosh(c*x™2 + b*x + a)*cosh(-1/4*(b"2 -
4xaxc)/c) - xxcosh(c*x™2 + b*xx + a)*sinh(-1/4*%(b~2 - 4*axc)/c) + (x*cosh(-
1/4x(b~2 - 4xaxc)/c) - x*sinh(-1/4x(b~2 - 4xaxc)/c))*sinh(cxx™2 + b*x + a))
xsqrt(c)*erf (1/2+(2%c*x + b)/sqrt(c)) + cosh(c*xx™2 + b*x + a)~2 + 2*cosh(cx

X"2 + b*x + a)*sinh(c*x”2 + b*x + a) + sinh(c*x"2 + b*x + a)”2 - 1)/(x*cosh
(c*x™2 + b*x + a) + x*sinh(c*x”2 + bxx + a))

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

f sinh(a+bx+cx2)d fbcosh(a+bx+cx2)
N Y

x2 X
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(-bxcosh(cxx**2+b*x+a)/x+sinh (c*x**2+b*x+a)/x**2,%)

[Out] -Integral(-sinh(a + bxx + c*x**2)/x**2, x) - Integral(b*cosh(a + b*x + c*x*
*2)/x, %)

Giac [F] time = 0., size = 0, normalized size = 0.

+ dx
X x2

f b cosh (cx2 +bx + a) sinh (cx2 +bx + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(-bxcosh(c*x~2+bxx+a)/x+sinh(c*x~2+b*x+a)/x"2,x, algorithm="giac")

[Out] integrate(-bxcosh(c*x”2 + b*x + a)/x + sinh(c*x72 + b*x + a)/x"2, x)
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3.6 fxz sinh (a + bx — cxz) dx

Optimal. Leaf size=227

b2 b2 b2
— b-2 — b-2 —a—— b-2 —a—— b-2
ﬁh2€a+ 4c Erf( 2\/CEx) ﬁ€a+ 4c Erf( 2\/CEx) ﬁbze a 4c Erﬁ ( 2‘/CEx) ~ \/Ee a 4c Erﬁ ( 2‘/CEx) ~ b COSh (a + bx —C
B 16C5/2 B 8C3/2 - 16C5/2 8C3/2 4:C2

[Out] -(b*Coshl[a + b*x - c*x72])/(4*c”2) - (x*Cosh[a + b*x - c*x72])/(2*c) - (b~2
*E~(a + b72/(4%c))*Sqrt [Pi]*Erf [(b - 2*c*x)/(2xSqrt[c]l)])/(16*xc~(5/2)) - (E

“(a + b2/ (4%c))*Sqrt [Pil*Erf [(b - 2%c*x)/(2*Sqrtlc])])/(8*c™(3/2)) + (b~2%
E~(-a - b72/(4*c))*Sqrt [Pi]*Erfi[(b - 2*c*xx)/(2xSqrtlcl)])/(16*xc~(5/2)) - (
E~(-a - b72/(4*c))*Sqrt [Pi]*Erfi[(b - 2*c*x)/(2xSqrt[cl)])/(8*c~(3/2))

Rubi [A] time = 0.135261, antiderivative size = 227, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 12, number of rules used = 7, integrand size = 16, il LT

integrand size
0.438, Rules used = {5386, 5375, 2234, 2205, 2204, 5382, 5374}

w2 2 w2
— b-2 — b-2 —g—— b-2 —g—— b-2
\/Ebze”“cErf(z—\;;) \/Ee”+4cErf( 2%) ) N 4cErﬁ( 2{) R 4cErﬁ( 2I) oo (a-+ b
B 16572 - 8c32 16572 8c3/2 4¢2

Antiderivative was successfully verified.

[In] Int[x"2*Sinh[a + b*x - c*x~2],x]

[Out] -(b*Cosh[a + b*x - c*x72])/(4*c”2) - (x*Cosh[a + b*x - c*x72])/(2*%c) - (b~2
*E~(a + b~2/(4%c))*Sqrt [Pi]*Erf [(b - 2*c*xx)/(2xSqrtlc])])/(16*xc~(5/2)) - (E

“(a + b72/(4*c))*Sqrt [Pi]*#Erf [(b - 2xc*x)/(2*Sqrtlc])])/(8*c~(3/2)) + (b~2x

E~(-a - b72/(4%*c))*Sqrt [Pi]*Erfi[(b - 2*c*x)/(2xSqrtlcl)])/(16*xc~(5/2)) - (

E~(-a - b72/(4*c))*Sqrt [Pi]*Erfi[(b - 2*c*x)/(2xSqrt[cl)])/(8*c~(3/2))

Rule 5386

Int[((d_.) + (e_.)*(x_))"(m_)*Sinh[(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2], x_Sy
mbol] :> Simp[(ex(d + e*x)~(m - 1)*Cosh[a + b*x + c*x72])/(2xc), x] + (-Dis
t[(e™2%x(m - 1))/(2*xc), Int[(d + exx)~(m - 2)*Cosh[a + b*x + c*xx~2], x], x]
- Dist[(b*xe - 2%cxd)/(2*c), Int[(d + exx)"(m - 1)*Sinh[a + b*x + c*xx~2], x]
, x1) /; FreeQl{a, b, c, d, e}, x] && GtQ[m, 1] && NeQ[b*e - 2*cxd, 0]

Rule 5375
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Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*x72), x], x] + Dist[1/2, Int[E"(-a - b*x - c*xx"2), x], x] /; Fr
eeQ[{a, b, c}, xI]

Rule 2234

Int[(F_)~((a_.) + (b_)*(x_) + (c_.)*x(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4xc)), Int[F~((b + 2%cxx)"2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2205

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F a*Sqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Logl[F]), 211)/(2*d*Rt[-(bxLogl[F]), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2204

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F a*Sqr
t[Pi]l*Erfi[(c + d*x)*Rt[bxLogl[F], 2]11)/(2*d*Rt[b*Log[F], 2]1), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 5382

Int[((d_.) + (e_.)*(x_))*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol]

:> Simp[(e*Cosh[a + bxx + c*xx72])/(2*c), x] - Dist[(b*e - 2%c*d)/(2xc), In
t[Sinh[a + b*x + c*xx~2], x], x] /; FreeQ[{a, b, c, d, e}, x] &% NeQ[b*xe - 2
xc*xd, 0]

Rule 5374

Int[Sinh[(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*xx”2), x], x] - Dist[1/2, Int[E~(-a - b*x - c*xx~2), x], x] /; Fr
eeQ[{a, b, c}, xI

Rubi steps
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+

2sinh (a + bx — cx?) dx = —
fx sSin (a+ X CX) X 2 % 2

2 ) 2 (o 2
bcosh(a+bx cx) xcosh(a+bx cx) bfsmh(a+bx cx)dx+

- _ - +

x cosh (a + bx — cx? cosh (a+bx—cx?) dx b [ xsinh(a + bx — cx?) dx
+

f ea+b3

B 4c? 2c 4c?

4

b cosh (a +bx — cxz) x cosh (a +bx — cxz) b? f P gy p2 f ga-bxted® g,
+ —

4c2 2c 8c2 8c2

b2 b2
— b—2cx —g——
b cosh (a + bx - cxz) x cosh (u + bx - cxz) ¢ ﬁerf( WG ) e "k y[merfi (

- 4¢? 2c 8¢3/2 8¢3/2
b2 b2
+— b—2cx +—
b cosh (a +bx — cxz) x cosh (a +bx — cxz) bre" \/ﬁerf( e ) ¢ i merf|
T 4c? - 2c - 16c572 - 8c32

Mathematica [A] time = 0.300862, size = 152, normalized size = 0.67

\/E(bz + ZC) Erf(zcx_b) (sinh (a + Z—i) + cosh (a + Z—i)) + ﬁ(bz - 2c) Erfi (Z;j/_zb) (sinh (a + Z—i) — cosh (a + Z—i)) -

2yc

16¢5/2

Antiderivative was successfully verified.

[In] Integrate[x"2xSinh[a + b*x - c*x72],x]

[Out] (-4*Sqrtlcl*(b + 2*xc*x)*Coshl[a + xx(b - c*x)] + (b~2 - 2x%c)*Sqrt [Pi]*Erfi[(

-b + 2xc*x)/(2%Sqrtc])]*(-Cosh[a + b"2/(4%c)] + Sinh[a + b~2/(4*c)]) + (b~
2 + 2xc)*Sqrt [Pi]*Erf [(-b + 2xcx*x)/(2*Sqrt[c])]*(Cosh[a + b~2/(4*c)] + Sinh
[a + b™2/(4%c)]))/(16%c™(5/2))

Maple [A] time = 0.079, size = 244, normalized size = 1.1

a2
xecx+

xecxz—bx—a becxz—hx—a bZ ﬁ _4ac+b2 b
- - i Erf|v=cx + =
ic 82 16c2 ' (‘/_CX 2

1 1 N dactt? b 1 1
_ | —+ = c Erfl+/- —
Tc) — + 8Ce 4 r ( cx + 5 __C)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*sinh(-c*x"2+b*x+a),x)

="

4c
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[Out] -1/4/c*xx*exp(c*x~2-b*x-a)-1/8%b/c ™ 2*exp(c*xx"2-b*x-a)-1/16%b~2/c"2+«Pi~(1/2)*
exp(-1/4*(4*xaxc+b~2)/c)/(-c)~(1/2)*xerf ((-c)~(1/2)*x+1/2%b/(-c)~(1/2))+1/8/c
*Pi7(1/2) *exp (-1/4* (d*xaxc+b”2) /c)/(-c)~(1/2) *erf ((-c)~(1/2)*x+1/2%b/(-c)~ (1
/2))-1/4/cxx*exp (-c*x~2+b*x+a)-1/8%b/c”2xexp (-c*x~2+b*x+a)-1/16%b~2/c~(5/2)

*Pi~ (1/2) *exp (1/4* (dxaxc+b~2) /c)*erf (-c~(1/2)*x+1/2xb/c~(1/2))-1/8/c~(3/2)*
Pi~(1/2)*exp(1/4* (4xa*xc+b™2)/c)*erf (-c~(1/2)*x+1/2*%b/c~(1/2))

Maxima [B] time = 1.73446, size = 1126, normalized size = 4.96

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*sinh(-c*x~2+b*x+a),x, algorithm="maxima"

[Out] -1/3%x"3*sinh(c*x™2 - b*x - a) - 1/96%(sqrt(pi)*(2*c*x - b)*b~3x(erf (1/2*sq
rt((2%c*x - b)~2/c)) - 1)/(sqrt((2*cxx - b)~2/c)*(-c)~(7/2)) - 6*%b"2*c*e™ (-
1/4%(2xc*xx - b)~2/c)/(-c)™(7/2) - 12%(2%cxx - b) " 3*bkgamma(3/2, 1/4*(2*c*x
- b)72/c)/(((2%c*x - b)~2/c)~(3/2)*(-c)~(7/2)) - 8xc ™ 2*xgamma(2, 1/4*(2*xc*x
- b)72/c)/(=c)~(7/2))*bxe~(a + 1/4*b~2/c)/sqrt(-c) - 1/96*(sqrt(pi)*(2*c*x
- b)*b~4*(erf (1/2*sqrt ((2*c*x - b)~2/c)) - 1)/(sqrt((2*cxx - b)~2/c)*(-c)~(
9/2)) - 8%b~3*cke” (-1/4%(2xc*x - b)72/c)/(-c)7(9/2) - 24%(2xc*x - b) " 3*b72x
gamma (3/2, 1/4*%(2*c*x - b)~2/c)/(((2%cxx - b)~2/c)~(3/2)*(-c)~(9/2)) - 32*b
xc"2xgamma (2, 1/4%(2xc*x - b)~2/c)/(-c)~(9/2) - 16%(2xc*x - b) “b*xgamma(5/2,
1/4%(2xc*xx - b)~2/c)/(((2%c*x - b)~2/c)~(5/2)*(-c)~(9/2)))*cxe”(a + 1/4%b"
2/c)/sqrt(-c) - 1/96%(sqrt(pi)*(2*c*x - b)*b~3*(erf (1/2*sqrt(-(2xcxx - b)~2
/c)) = 1)/(sqrt(-(2%c*x - b)72/c)*c”™(7/2)) + 6%b~2%e™ (1/4%(2*c*x - b)~2/c)/
c”(5/2) - 12%(2*c*x - b) "3xbkgamma(3/2, -1/4%(2*cxx - b)~2/c)/((-(2%cxx - b
)72/c)"(3/2)*c™(7/2)) - 8+gamma(2, -1/4x(2xc*x - b)~2/c)/c”(3/2))*b*e”(-a -

1/4%b~2/c)/sqrt(c) + 1/96%(sqrt(pi)*(2*xc*x - b)*b~4x(erf (1/2*sqrt (- (2*c*x
- b)72/c)) - 1)/(sqrt(-(2*xcxx - b)~2/c)*c”(9/2)) + 8*%b~3xe”(1/4*(2xc*x - b)
72/c)/c”(7/2) - 24%(2%c*x - b) " 3*b"2%gamma(3/2, -1/4*%(2*c*x - b)~2/c)/((-(2
xcxx — b)72/c)"(3/2)*c~(9/2)) - 32xbxgamma(2, -1/4*(2*c*x - b)~2/c)/c~(5/2)
- 16%(2xc*x - b) “bkgamma(5/2, -1/4%(2xc*x - b)~2/c)/((-(2*c*x - b)~2/c)~ (5
/2)*c”(9/2)))*sqrt(c)*e”(-a - 1/4%b~2/c)

Fricas [B] time = 2.03298, size = 1065, normalized size = 4.69

4c%x +2 (2 c2x + bc) cosh (cx2 —bx - u)z - \/ﬁ((b2 -2 c) cosh (Cx2 —bx - a) cosh (M

— (6% - 2¢) cosh (cx? - b.
4c ) ( ) (
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*sinh(-c*x~2+b*x+a),x, algorithm="fricas")

[Out] -1/16%(4*c™2xx + 2% (2%c”2*%x + b*c)*cosh(c*x™2 - b*x - a)”2 - sqrt(pi)*((b~2
- 2%c)*cosh(c*x™2 - b*xx - a)*cosh(1/4*(b"2 + 4xa*xc)/c) - (b~2 - 2xc)*cosh(
Cc*x"2 - bxx - a)*sinh(1/4x(b"2 + 4xaxc)/c) + ((b™2 - 2*c)*cosh(1/4x(b"2 + 4
xaxc)/c) - (b72 - 2xc)*sinh(1/4*%(b”2 + 4*axc)/c))*sinh(c*x™2 - b*x - a))*sq
rt(-c)*erf (1/2x(2xc*x - b)*sqrt(-c)/c) - sqrt(pi)*((b~2 + 2*c)*cosh(c*x"2 -
b*x — a)xcosh(1/4%(b”2 + 4x*axc)/c) + (b72 + 2*c)*cosh(c*x™2 - b*x - a)*sin
h(1/4x(b"2 + 4xa*xc)/c) + ((b72 + 2xc)*cosh(1/4*(b"2 + 4*axc)/c) + (b72 + 2%
c)*sinh(1/4*%(b~2 + 4xa*xc)/c))*sinh(c*x™2 - b*x - a))*sqrt(c)*erf (1/2*(2xc*x
- b)/sqrt(c)) + 4x(2xc”2*x + bxc)*cosh(c*x”™2 - b*x - a)*sinh(c*x72 - b*x -
a) + 2x(2*c72*x + b*c)*sinh(c*x"2 - bxx - a)~2 + 2%bxc)/(c"3*cosh(c*xx"2 -
b*x - a) + c”3*sinh(c*x"2 - b*x - a))

Sympy [F] time = 0., size = 0, normalized size = 0.

fxz sinh (a +bx — cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*sinh(-cxx**2+b*x+a),x)

[Out] Integral(x**2*sinh(a + b*x - c*x**2), x)

Giac [A] time = 1.30106, size = 225, normalized size = 0.99

P2 +4ac b +4ac

1 b 1 b

ni\b+2c)ert| -5 vc|2x—- e( ¢ ) n(b=-2c)erf| -5 —c{2x—= e(_ 4e )

_V'(bz & f( 2{«{(2 )) : +2(c(2x—§)+2b)e(_cx2+bx+”) . V29 f( 2 _(2 )) —2(c(2x—§)
16 2 16 2

o

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*sinh(-c*x~2+b*x+a),x, algorithm="giac")

[Out] -1/16*%(sqrt(pi)*(b~2 + 2xc)*erf(-1/2*sqrt(c)*(2xx - b/c))*e”(1/4x(b"2 + 4xa
xc)/c)/sqrt(c) + 2x(c*(2%x - b/c) + 2xb)*e”(-c*x”2 + bxx + a))/c”2 + 1/16x(
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sqrt(pi)*(b72 - 2*xc)*erf(-1/2*sqrt(-c)*(2*xx - b/c))*e”(-1/4*(b~2 + 4*ax*c)/c
)/sqrt(-c) - 2*(cx(2*%x - b/c) + 2*b)*e”(c*x"2 - b*xx - a))/c”2
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3.7 fx sinh (a + bx — cxz) dx

Optimal. Leaf size=112

¥ ¥
7 b—2cx —g—— b—2cx
\/nbe“‘hrErf( e ) N 4cErﬁ(2—‘/E) cosh (a + by — sz)
B 8c3/2 * 8c3/2 - 2c

[Out] -Coshl[a + bxx - c*xx72]/(2*c) - (b*E~(a + b~2/(4xc))*Sqrt[Pi]*Erf[(b - 2*c*x
)/ (2%Sqrt[c])])/(8*c™(3/2)) + (b*E~(-a - b~2/(4*c))*Sqrt[Pil*Erfil[(b - 2%c*
x)/(2%8qrt [c])])/(8xc™(3/2))

Rubi [A] time = 0.0472621, antiderivative size = 112, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 14, L

integrand size
0.357, Rules used = {56382, 5374, 2234, 2205, 2204}

b2 b2
. b-2 ——— b-2
e T Erf( . v‘;‘) N Erﬁ(z—\;zx) cosh (a+ bx — cx?)
- 8c3/2 - 8c3/2 - 2c

Antiderivative was successfully verified.

[In] Int[x*Sinh[a + b*x - c*xx"2],x]

[Out] -Coshl[a + b*x - c*x"2]/(2*%c) - (b*E~(a + b2/ (4*c))*Sqrt[Pi]*Erf[(b - 2%c*x
)/ (2xSqrt[c])]1)/(8%c™(3/2)) + (b*E~(-a - b~2/(4*c))*Sqrt[Pil*Erfi[(b - 2*cx*
x)/(2%8qrt [c])])/(8%c™(3/2))

Rule 5382

Int[((d_.) + (e_.)*(x_))*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol]

:> Simp[(e*Cosh[a + bxx + c*x72])/(2*c), x] - Dist[(b*e - 2*c*d)/(2*c), In
t[Sinh[a + b*x + c*x"2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2
*xcxd, 0]

Rule 5374

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*x~2), x], x] - Dist[1/2, Int[E~(-a - b*x - c*xx~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 2234



56

Int[(F_)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4%c)), Int[F~((b + 2%c*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2205

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr
t[Pi]*Erf[(c + d*x)*Rt[-(b*Logl[F]), 2]11)/(2*d*Rt[-(b*Logl[Fl), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2204
Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F a*Sqr

t[Pi]*Erfi[(c + d*x)*Rt[b*Logl[F], 21]1)/(2*d*Rt[b*Logl[F], 21), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rubi steps

cosh (a + bx — cxz) bfsinh (a + bx - cxz) dx
+

fxsinh(a+bx—cx2) dx = —

2c 2c
cosh (a + bx - cxz) b [emheddy b [eabere® gy
= — + —_
2c 4c 4c
P (~b+2cx)? L (-2
cosh (a + bx — cxz) (be 46) fe i dx (be 46) fe o dx
=~ - +
2c 4c 4c
a+ﬁ b—2cx _a_ﬁ b—2cx
__Cosh(a+bx—cx2)_b€ 46\/Eerf( 2\/E)+be 46\/Eerﬁ(2\/z)
- 2c 8c3/2 8c3/2

Mathematica [A] time = 0.183602, size = 134, normalized size = 1.2

ﬁbErf(%) (sinh (a + Z—i) + cosh (a + Z—i)) + /rbErfi (Z;L\/_Eb) (sinh (a + Z_i) — cosh (u + Z—i)) —4+Jccosh(a + x(b
8¢3/2

Antiderivative was successfully verified.

[In] Integrate[x*Sinh[a + b*x - c*xx"2],x]

[Out] (-4*Sqrt[c]*Coshl[a + x*(b - c*x)] + b*Sqrt[Pil*Erfi[(-b + 2*c*x)/(2xSqrt [c]
)1x(-Cosh[a + b™2/(4*c)] + Sinh[a + b72/(4*c)]) + bxSqrt[Pil*Erf[(-b + 2x*cx
x)/(2%Sqrt[c])]*(Cosh[a + b72/(4*c)] + Sinh[a + b72/(4*c)]))/(8%c~(3/2))
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Maple [A] time = 0.033, size = 120, normalized size = 1.1

1 e—cx2+bx+a bﬁ 4ac+b? b1 _3
_ fe B [—ex 42— | 2
M B ( Vexs ! C)c

\/_

ox?-bx-a b dac+b? b
2 - g/fe_TErf(\/—_cx +2

1
4c 2\/—_0)\/—_0 4c 8

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*sinh(-c*x~2+b*x+a),x)

[Out] -1/4/c*xexp(c*x~2-b*x-a)-1/8*b/c*xPi~(1/2)*exp(-1/4*(4*axc+b~2)/c)/(-c)~(1/2)
xerf ((-c) ~(1/2)*x+1/2%b/(-c)~(1/2))-1/4/c*exp(-c*x~2+b*x+a)-1/8%b/c~ (3/2) *P
i~ (1/2) *exp(1/4* (4d*xaxc+b™2) /c)*erf (-c~(1/2)*x+1/2xb/c”~(1/2))

Maxima [B] time = 1.6792, size = 910, normalized size = 8.12

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sinh(-c*x~2+b*x+a),x, algorithm="maxima")

[Out] -1/2%x"2*sinh(c*x"2 - b*x - a) + 1/32x(sqrt(pi)*(2*c*x - b)*b~2*(erf (1/2*sq
rt ((2%xc*x - b)72/c)) - 1)/(sqrt((2*c*x - b)~2/c)*(-c)~(5/2)) - 4xbxc*xe”(-1/
4% (2%c*xx - b)72/c)/(-c)~(5/2) - 4%(2%c*x - b) " 3*gamma(3/2, 1/4*%(2%c*xx - b)~
2/c)/(((2%c*x - b)~2/c)~(3/2)*%(-c)~(5/2)))*bxe~(a + 1/4*%b"2/c)/sqrt(-c) + 1
/32x(sqrt (pi)*(2%c*x - b)*b~3*(erf (1/2*sqrt ((2*xc*x - b)~2/c)) - 1)/(sqrt((2
xc*xx - b)72/c)*(-c)~(7/2)) - 6xb~2*kcxe” (-1/4*%(2*cxx - b)~2/c)/(-c)~(7/2) -
12%(2xc*x - b) "3*bxgamma(3/2, 1/4*(2%c*x - b)~2/c)/(((2*c*x - b)~2/c)~(3/2)
x(-c)~(7/2)) - 8*c”™2xgamma (2, 1/4x(2xc*x - b)~2/c)/(-c)~(7/2))*c*xe"(a + 1/4
*b~2/c)/sqrt(-c) - 1/32*(sqrt(pi)*(2*xc*x - b)*b"2*(erf (1/2*sqrt(-(2*c*x - b
)72/c)) - 1)/(sqrt(-(2*c*x - b)~2/c)*c”(5/2)) + 4xbxe” (1/4%(2%c*x - b)~2/c)
/c”(3/2) - 4%(2%c*x - b) " 3xgamma(3/2, -1/4%(2*c*x - b)~2/c)/((-(2%c*x - b)~
2/c)”(3/2)*c~(5/2)))*bxe”(-a - 1/4*%b~2/c)/sqrt(c) + 1/32x(sqrt(pi)*(2*c*x -
b)*b~3x (erf (1/2*sqrt (-(2*cxx - b)~2/c)) - 1)/(sqrt(-(2*c*x - b)~2/c)*c~(7/
2)) + 6%b72%e”(1/4%(2%c*x - b)72/c)/c”(5/2) - 12%(2xcxx - b) 3*b*gamma(3/2,
-1/4x(2*%c*x - b)~2/¢c)/((-(2%c*x - b)~2/c)~(3/2)*c~(7/2)) - 8*gamma(2, -1/4
*x(2xc*x - b)"2/c)/c”(3/2))*sqrt(c)*e”(-a - 1/4xb~2/c)
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Fricas [B] time = 2.08255, size = 883, normalized size = 7.88

2ccosh (cx2 —bx - a)2 - \/E(b cosh (cx2 —bx - a) cosh (bziac) —bcosh (cx2 —bx - a) sinh (bzﬁac) + (b cosh (iz

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sinh(-c*x~2+b*x+a),x, algorithm="fricas")

[Out] -1/8%(2*c*cosh(c*x™2 - bxx - a)”2 - sqrt(pi)*(b*xcosh(c*x™2 - b*x - a)*cosh(
1/4%x(b~2 + 4%axc)/c) - b*cosh(c*x™2 — b*x - a)*sinh(1/4*(b"2 + 4*xaxc)/c) +
(b*cosh(1/4%(b"2 + 4*a*c)/c) - bxsinh(1/4%(b"2 + 4*a*xc)/c))*sinh(c*x™2 - b*

x - a))*sqrt(-c)*erf (1/2x(2*c*xx - b)*sqrt(-c)/c) - sqrt(pi)*(b*cosh(c*xx"2 -

b*x - a)*xcosh(1/4%(b~2 + 4*ax*xc)/c) + b*cosh(c*xx"2 - b*x - a)*sinh(1/4x(b"2

+ 4xaxc)/c) + (bxcosh(1/4*%(b"2 + 4x*a*xc)/c) + bxsinh(1/4*%(b"2 + 4*axc)/c))*
sinh(c*x™2 - b*x - a))*sqrt(c)*erf(1/2*(2*cxx - b)/sqrt(c)) + 4xc*xcosh(c*x”™

2 - b*x - a)*sinh(c*x”2 - b*x - a) + 2*c*sinh(c*x"2 - b*x - a)~2 + 2xc)/(c”
2%cosh(c*x™2 - b*x - a) + c”2*sinh(c*x™2 - b*x - a))

Sympy [F] time = 0., size = 0, normalized size = 0.

fxsinh (a +bx - cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sinh(-c*x**2+b*x+a),x)

[Out] Integral(x*sinh(a + b*x - c*x*%*2), x)

Giac [A] time = 1.35975, size = 166, normalized size = 1.48

LB W e
\/mb erf(—z \/5(2\/_36—;))6 ) e(—cx2+bx+a) Vb erf(_i ‘/__C\(/z_x_E))e 9 e(cxz—bx—u)
B -
- 8¢ * 8c

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(x*sinh(-c*x~2+b*x+a),x, algorithm="giac")

[Out] -1/8*(sqrt(pi)*b*erf(-1/2*xsqrt(c)*(2*x - b/c))*e”(1/4%x(b~2 + 4*axc)/c)/sqrt
(c) + 2xe~(~c*xx™2 + b*x + a))/c + 1/8%(sqrt(pi)*bxerf(-1/2*sqrt(-c)*(2*x -
b/c))*e”(-1/4*%(b~2 + 4*axc)/c)/sqrt(-c) - 2*e~(c*xx"2 - b*x - a))/c
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3.8 fsinh (a + bx — cxz) dx

Optimal. Leaf size=91

2 i
- b-2cx — b—2cx
N 4cErﬁ( = ) ) \/Ee”+4cErf( - )

e e

[Out] -(E~(a + b~2/(4*c))*Sqrt [Pi]*Erf [(b - 2*cxx)/(2*Sqrtlc])])/(4xSqrtlc]l) + (E
“(-a - b72/(4*c))*Sqrt [Pi]*Erfi[(b - 2*c*x)/(2%Sqrtlc]l)])/(4*Sqrtlc])

Rubi [A] time = 0.0323885, antiderivative size = 91, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 12, e =

integrand size
0.333, Rules used = {5374, 2234, 2205, 2204}

2 ¥
g b-2 L b-2
N Erﬁ( 2\/?) . \/nea+4c Erf( 2\/?)

e W

Antiderivative was successfully verified.

[In] Int[Sinh[a + b*x - c*x~2],x]

[Out] -(E~(a + b~2/(4*c))*Sqrt[Pi]*Erf [(b - 2*c*x)/(2xSqrt[cl)])/(4*xSqrtlc]) + (E
“(-a - b72/(4*c))*Sqrt [Pi]*Erfi[(b - 2*c*x)/(2%Sqrtlc]l)])/(4*Sqrtlc])

Rule 5374

Int[Sinh[(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*xx~2), x], x] - Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 2234

Int[(F)~((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4%c)), Int[F~((b + 2%c*x)~2/(4xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2205

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Log[F]), 2]1]1)/(2*d*Rt[-(bxLogl[F]), 2]), x] /; Fr
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eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2204

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr
t[Pi]*Erfi[(c + d*x)*Rt[bxLogl[F], 2]1])/(2*d*Rt[b*Logl[F], 2]), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

Rubi steps

1 1
f sinh (a + bx — cxz) dx = > f ertbx—ox? gy _ > f ema-bxrex® gy

2 2

P (-b+2cx)? 1 .72  (-2cx)?
:—Ee 4cfe 4 dx +§e 4cfe 4 dx

b2 b2
a+— b—2cx —a—— b—2cx
~ _e 4c Vnerf(z—\/z) . e 4c \/nerﬁ (2—\/5)
4nJc 4/c

Mathematica [A] time = 0.0693669, size = 109, normalized size = 1.2

ﬁ(Erf(zgf/_Eb) (sinh (a + Z—i) + cosh (a + Z—i)) + Erfi (22/_;) (sinh (a + Z—i) — cosh (a + Z—i)))
4

Antiderivative was successfully verified.

[In] Integrate[Sinh[a + b*x - c*x~2],x]

[Out] (Sqrt[Pil*(Erfil[(-b + 2*c*x)/(2xSqrtlc])]*(-Coshl[a + b~2/(4*c)] + Sinh[a +
b~2/(4xc)]) + Erf[(-b + 2xcx*x)/(2xSqrt[c])]*(Cosh[a + b~2/(4*c)] + Sinh[a +
b~2/(4%c)])))/(4*Sqrt[c])

Maple [A] time = 0.032, size = 79, normalized size = 0.9

\/% _4rzc+b2 ( b 1 ) 1 \/E 4ac+b? ( b1 ) 1
———¢ 4c Frf X+ —— | — - ——¢ 4 BErf|-Vex+-—|—
4 2 2v=<) Ve 4 if | —Vex + 3 ve) Ve

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(sinh(-c*x~2+b*x+a),x)

[Out] -1/4%Pi~(1/2)*exp(-1/4*(4*xa*xc+b~2)/c)/(-c)~(1/2)*erf ((-c)~(1/2)*x+1/2%b/(-c
)7(1/2))-1/4%Pi~(1/2) *exp (1/4x (4xa*xc+b~2) /c)/c~(1/2)xerf (-c~(1/2) *x+1/2%b/c
~(1/2))

Maxima [B] time = 1.52258, size = 691, normalized size = 7.59

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(-c*x~2+b*x+a),x, algorithm="maxima")

[Out] -1/8*(sqrt(pi)*(2*c*x - b)*b*x(erf(1/2*sqrt((2*c*xx - b)~2/c)) - 1)/(sqrt((2%
cxx — b)72/c)*(-c)~(3/2)) - 2xcxe”(-1/4x(2*xcxx - b)~2/c)/(-c)~(3/2))*bxe” (a
+ 1/4*%b72/c)/sqrt(-c) - 1/8x(sqrt(pi)*(2xc*x - b)*b~2x(erf (1/2*sqrt ((2*xc*x
- b)72/c)) - 1)/(sqrt((2*c*x - b)72/c)*(-c)~(5/2)) - 4*bxcke™ (-1/4*(2xc*x
- b)72/c)/(-c)”"(5/2) - 4*%(2*xc*x - b) " 3*gamma(3/2, 1/4*(2xc*x - b)~2/c)/(((2
xc*x - b)72/c)”(3/2)x(-c)~(5/2)))*c*xe”(a + 1/4xb~2/c)/sqrt(-c) - 1/8*(sqrt(
pi)*(2*%cxx - b)*b*(erf(1/2*sqrt(-(2*c*x - b)~2/c)) - 1)/(sqrt(-(2*%cxx - b)~
2/c)*c”(3/2)) + 2xe~(1/4*%x(2xc*x - b)~2/c)/sqrt(c))*b*xe”(-a - 1/4*b"2/c)/sqr
t(c) + 1/8*(sqrt(pi)*(2*cxx - b)*b~2*(erf (1/2xsqrt(-(2*c*x - b)~2/c)) - 1)/
(sqrt(-(2%c*x - b)~2/c)*c”(5/2)) + 4xbxe” (1/4%(2%c*x - b)~2/c)/c~(3/2) - 4%
(2%c*x - b) "3xgamma(3/2, -1/4x(2xc*x - b)~2/c)/((-(2xc*x - b)~2/c)~(3/2)*c”
(6/2)))*sqrt(c)*e”(-a - 1/4*%b"2/c) - x*sinh(c*x"2 - b*x - a)

Fricas [A] time = 2.06003, size = 296, normalized size = 3.25

b2+4 ac . b2+4 ac (2cx=b)y—c b2+4ac . b2 +4 ac 2cx-b
\/E\/—_c(cosh (T) —sinh (T)) erf(T) + \/E\/E(cosh (T) + smh( - )) erf( " )

4c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(-c*x~2+b*x+a),x, algorithm="fricas")

[Out] 1/4*(sqrt(pi)*sqrt(-c)*(cosh(1/4*(b"2 + 4xaxc)/c) - sinh(1/4*(b~2 + 4*axc)/
c))*erf (1/2x(2xc*x - b)*sqrt(-c)/c) + sqrt(pi)*sqrt(c)*(cosh(1/4*(b"2 + 4x*a
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xc)/c) + sinh(1/4x ("2 + 4xaxc)/c))*erf (1/2*%(2%c*x - b)/sqrt(c)))/c

Sympy [F] time = 0., size = 0, normalized size = 0.

f sinh (a + bx — cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(-c*x**2+b*x+a),x)

[Out] Integral(sinh(a + b*x - c*x**2), x)

Giac [A] time = 1.42254, size = 109, normalized size = 1.2

b2 +4ac _b2+4 ac

0

e iy

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(-c*x~2+b*x+a),x, algorithm="giac")

[Out] -1/4xsqrt(pi)*erf(-1/2*xsqrt(c)*(2*x - b/c))*e”(1/4%x(b~2 + 4*axc)/c)/sqrt(c)
+ 1/4xsqrt(pi)*erf (-1/2*sqrt(-c)*(2*x - b/c))*e”(-1/4%x(b~2 + 4*axc)/c)/sqr

t(-c)
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f sinh(a+bx—cx2)

3.9 dx

Optimal. Leaf size=18

X

sinh (a + bx — cxz)

X

X

Unintegrable (

[Out] Unintegrable[Sinh[a + b*x - c*x72]/x, x]

Rubi [A] time = 0.0103047, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, ————
integrand size

Rules used = {}

dx

sinh (a +bx — cxz)
e

Verification is Not applicable to the result.

[In] Int[Sinh[a + b*x - c*x~2]/x,x]

[Out] Defer[Int] [Sinh[a + b*x - c*x~2]/x, x]

Rubi steps

dx

f sinh (a + bx - cxz) ; f sinh (a +bx — cxz)
x =
x

X

Mathematica [A] time = 17.5586, size = 0, normalized size = 0.

dx
X

f sinh (a +bx - cxz)

Verification is Not applicable to the result.

[In] Integrate[Sinh[a + b*x - c*x~2]/x,x]

[Out] Integrate[Sinh[a + b*x - c*x72]/x, x]
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Maple [A] time = 0.028, size = 0, normalized size = 0.

dx

f sinh (—cx2 +bx + a)
x

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sinh(-c*x~2+b*x+a)/x,x)

[Out] int(sinh(-c*x~2+b*x+a)/x,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

. 2 g
_fsmh (cxx bx a) i

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(-c*x~2+b*x+a)/x,x, algorithm="maxima")

[Out] -integrate(sinh(c*x”2 - b*x - a)/x, x)

Fricas [A] time = 0., size = 0, normalized size = 0.
sinh (cx2 - bx - a)

X

integral [ - ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(-c*x~2+b*x+a)/x,x, algorithm="fricas")

[Out] integral(-sinh(c*x”2 - b*x - a)/x, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

: a2
f sinh (a +xbx cx ) i



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(-c*x**2+b*x+a)/x,x)

[Out] Integral(sinh(a + b*x - c*x**2)/x, Xx)
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Giac [A] time = 0., size = 0, normalized size = 0.

dx

f sinh (—cx2 +bx + a)
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(-c*x~2+b*x+a)/x,x, algorithm="giac")

[Out] integrate(sinh(-c*x72 + b*x + a)/x, x)
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bcosh(a+bx—cx2) shah(a+bx—cx2)

310 [|- +

X x2

dx

Optimal. Leaf size=108

b-2cx

2+/c

b 2cx) sinh (a +bx - cxz)

2yc

[Out] (Sqrtlcl*E~(a + b~2/(4*c))*Sqrt[Pi]*Erf[(b - 2xc*x)/(2*Sqrtlc]l)])/2 + (Sqrt
[c]*E~(-a - b2/ (4*c))*Sqrt [Pil*Erfi[(b - 2*c*x)/(2%Sqrt[c])])/2 - Sinh[a +
b*x - c*x72]/x

1 v? 1 P
E\/E\/Ee’H%Erf( )+ NGEE 4cErﬁ(

X

Rubi [A] time = 0.0857119, antiderivative size = 108, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 5, integrand size = 35, /e

0.143, Rules used = {5390, 5375, 2234, 2205, 2204}

integrand size

b-2cx

2/c

b 2cx) sinh (a +bx - cxz)

1 L (
- ce 4« Erf
S Ve r e

b2
) . %\/%\/Ee_”_TcErﬁ(

X

Antiderivative was successfully verified.

[In] Int[-((b*Cosh[a + b*x - c*x"2])/x) + Sinh[a + b*x - c*x~2]/x"2,x]

[Out] (Sqrtlcl*E~(a + b~2/(4*c))*Sqrt[Pil*Erf[(b - 2xc*x)/(2*Sqrtlcl)])/2 + (Sqrt
[c]*E~(-a - b~2/(4*c))*Sqrt [Pil*Erfi[(b - 2*c*x)/(2%Sqrt[c])])/2 - Sinh[a +
b*x - c*x72]/x

Rule 5390

Int[((d_.) + (e_.)*(x_))"(m_)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2], x_Sy
mbol] :> Simp[((d + exx)"(m + 1)*Sinh[a + b*x + c*x72])/(ex(m + 1)), x] + (
-Dist[(2%c)/(e”2%(m + 1)), Int[(d + exx)"(m + 2)*Cosh[a + b*x + c*x~2], x],
x] - Dist[(b*e - 2%cxd)/(e"2x(m + 1)), Int[(d + e*x) " (m + 1)*Coshl[a + b*x
+ cxx~2], x], x]) /; FreeQ[{a, b, c, d, e}, x] && LtQ[m, -1] && NeQ[bxe - 2
*c*xd, 0]

Rule 5375

Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*x~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*xx"2), x], x] /; Fr
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eeQ[{a, b, c}, x]

Rule 2234

Int[(F)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4%c)), Int[F~((b + 2%c*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2205

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr
t [Pi]*Erf [(c + d*x)*Rt[-(bxLogl[F]), 2]1)/(2*d*Rt[-(b*Logl[Fl), 2]1), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2204

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pi]*Erfi[(c + d*x)*Rt[b*Log[F], 2]1)/(2*d*Rt[bxLogl[F], 2]1), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

Rubi steps

+

X X2 X

f[ bcosh(a+bx—cx2) Sinh(a+bx—cx2)]d (bfcosh(a+bx—cx2)d] fsinh(a+bx—cx2)
- X =- x|+

sinh (a + bx — cxz)

= - - (20) f cosh (a + bx - cxz) dx
X

sinh (a +bx — cxz) ) )
- _ —c fea+bx—cx dx —c¢ fe—a—bx+cx dx

X

X
b-2cx

b

Mathematica [A] time = 0.656419, size = 136, normalized size = 1.26

( \/_\/_Erf(zcx b) (sinh (a + Z—Z) + cosh (a + —)) + \/_\/_Erﬁ(zcx b) (sinh (a + Z—Z) — cosh (a + r

)

C

\/_

C

\/_

Antiderivative was successfully verified.

e

4c

b-2cx

e

C

2

sinh (a + bx — sz) P (cb+2cn)? W
=- —|ce ™ % fe 4 dx—|ce

dx

I
)__’

S11

2
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[In] Integrate[-((b*Cosh[a + b*x - c*x72])/x) + Sinh[a + b*x - c*x72]/x72,x]

[Out] (Sqrtlcl*Sqrt[Pi]*Erfil[(-b + 2%c*x)/(2*Sqrt[c])]*(-Cosh[a + b~2/(4*c)] + Si
nhla + b~2/(4*c)]) - Sqrtlcl*Sqrt[Pi]*Erf[(-b + 2*c*x)/(2xSqrt[c])]*(Coshla
+ b72/(4%c)] + Sinh[a + b~2/(4xc)]) - (2xSinh[a + x*(b - cxx)])/x)/2

Maple [F] time = 0.118, size = 0, normalized size = 0.

dx

+

b cosh (—cx2 +bx + a) sinh (—cx2 +bx + a)
f - x x?

Verification of antiderivative is not currently implemented for this CAS.

[In] int(-b*cosh(-c*x"2+b*x+a)/x+sinh(-c*x"2+b*x+a)/x"2,x)

[Out] int(-b*cosh(-c*x~2+b*x+a)/x+sinh(-c*x"2+b*x+a)/x"2,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

b cosh (cx2 —bx - a) sinh (cx2 —bx — a)
f - x - x?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(-b*cosh(-c*x~2+b*x+a)/x+sinh(-c*x~2+bxx+a)/x"2,x, algorithm="maxi

mall)

[Out] integrate(-b*cosh(c*x™2 - b*x - a)/x - sinh(c*x"2 - b*x - a)/x"2, x)

Fricas [B] time = 2.12321, size = 860, normalized size = 7.96

2 2 2 2
\/E(x cosh (cx2 —bx - a) cosh (b Ziac) - xcosh (cx2 —bx - a) sinh (b ﬁac) + (x cosh (b Ziac) — xsinh (b Ziac)) sin

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(-b*cosh(-c*x~2+b*x+a)/x+sinh(-c*x"2+b*x+a)/x"2,x, algorithm="fric
as n)

[Out] 1/2%(sqrt(pi)*(x*cosh(c*x”2 - b*x - a)*cosh(1/4*(b~2 + 4xaxc)/c) - xxcosh(c
*x72 - bxx - a)*sinh(1/4*%(b"2 + 4xaxc)/c) + (x*cosh(1/4x(b~2 + 4*a*xc)/c) -
x*sinh (1/4*%(b~2 + 4*a*xc)/c))*sinh(c*x™2 - b*x - a))*sqrt(-c)*erf (1/2*(2*c*x

- b)*sqrt(-c)/c) - sqrt(pi)*(x*xcosh(c*x™2 - b*x - a)*cosh(1/4*(b~2 + 4xaxc

)/c) + x*cosh(c*x™2 - b*x - a)*sinh(1/4x(b~2 + 4x*a*xc)/c) + (x*cosh(1/4*(b"2

+ 4*axc)/c) + x*sinh(1/4%(b~2 + 4*axc)/c))*sinh(c*x™2 - b*x - a))*sqrt(c)*

erf (1/2x(2xc*x - b)/sqrt(c)) + cosh(c*x™2 - b*x - a)~2 + 2*cosh(c*x™2 - b*x

- a)*sinh(c*x"2 - b*x - a) + sinh(c*x72 - b*x - a)”2 - 1)/(x*cosh(c*x™2 -

b*x - a) + x*sinh(c*x™2 - b*x - a))

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

sinh (a + bx — cxz) b cosh (a + bx — cxz)
b,
x X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(-bxcosh(-c*x**2+b*x+a)/x+sinh (-c*x**2+b*xx+a) /x**2,x)

[Out] -Integral(-sinh(a + b*x - c*x**2)/x**2, x) - Integral(b*cosh(a + b*x - c*x*
*2)/x, %)

Giac [F] time = 0., size = 0, normalized size = 0.

+ dx
X x2

f b cosh (—cx2 +bx + a) sinh (—cx2 +bx + a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(-bxcosh(-c*x~2+b*x+a)/x+sinh(-c*x”~2+b*x+a)/x"2,x, algorithm="giac

II)

[Out] integrate(-b*cosh(-c*x72 + b*x + a)/x + sinh(-c*x"2 + b*x + a)/x"2, x)
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. 1
3.11 fxz sinh (Z +x+ xz) dx
Optimal. Leaf size=66
3 o)L L 1 2 o4 b) 1 2 et
16\/%Erf(2( 2x 1)) 16\/EErﬁ(2(2x+1))+2xcosh(x +x+4) 4cosh(x +x+4)

[Out] -Cosh[1/4 + x + x72]/4 + (x*Cosh[1/4 + x + x72])/2 + (3*Sqrt[Pil*Erf[(-1 -
2xx)/2])/16 - (Sqrt[Pil*Erfil[(1 + 2*x)/2])/16

Rubi [A] time = 0.056489, antiderivative size = 66, normalized size of antiderivative =

1., number of steps used = 12, number of rules used = 7, integrand size = 13, number of rules

integrand size
0.538, Rules used = {5386, 5375, 2234, 2204, 2205, 5382, 5374}
3 1 1 1 1 ) 1} 1 ) 1
R\/%Erf(i(—Zx - 1)) - 1—6\/%Erﬁ (E(Zx + 1)) +ox cosh (x +x+ 4_1) -1 cosh (x +x+ 4_1)

Antiderivative was successfully verified.

[In] Int[x"2*Sinh[1/4 + x + x72],x]

[Out] -Cosh[1/4 + x + x72]/4 + (x*Cosh[1/4 + x + x72])/2 + (3*Sqrt[Pil*Erf[(-1 -
2xx)/2])/16 - (Sqrt[Pil*Erfil[(1 + 2*x)/2])/16

Rule 5386

Int[((d_.) + (e_.)*(x_)) " (m_)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Sy
mbol] :> Simp[(ex(d + e*xx)~(m - 1)*Cosh[a + bxx + c*x72])/(2%c), x] + (-Dis
t[(e™2x(m - 1))/(2%c), Int[(d + exx)"(m - 2)*Cosh[a + b*x + cxx~2], x], x]
- Dist[(b*e - 2*c*d)/(2*c), Int[(d + e*x)"(m - 1)*Sinh[a + b*x + c*x"2], x]
, x]1) /; FreeQ[{a, b, ¢, d, e}, x] & GtQ[m, 1] && NeQ[b*xe - 2%cxd, 0]

Rule 5375

Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*xx~2), x], x] + Dist[1/2, Int[E"(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, xI

Rule 2234

Int[(F)~((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4*c)), Int[F~((b + 2*c*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]
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Rule 2204

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~a*Sqr
t[Pil*Erfi[(c + d*x)*Rt[b*Logl[F], 211)/(2*d*Rt[b*Logl[F], 21), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2205

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Logl[F]), 211)/(2*d*Rt[-(bxLogl[Fl), 21), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 5382

Int[((d_.) + (e_.)*(x_))*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol]

:> Simp[(e*Cosh[a + bxx + c*x72])/(2*c), x] - Dist[(b*e - 2%c*d)/(2xc), In
t[Sinh[a + b*x + c*xx~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2
xc*xd, 0]

Rule 5374

Int[Sinh[(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*x~2), x], x] - Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rubi steps

fxzsinh(ji +x+x2) dx = %xcosh(}l +x+x2) — %fcosh(}L +x+x2) dx—%fxsmh(}l +x+x2) dx
= _jICOSh(}L +x+ 22|+ 1xcosh 31+x+x2 —31 e_i_x_xzdx—}lfe%+x+x2dx+411f
= _jICOSh(}L +x +x?| + =xcosh 31+x+x2 —% e_i_x_xzdx+%feiﬂﬂzdx—%j
= _411 cosh (i +x + x?| + =xcosh le +x+ 22+ %\/Eerf(%(—l —2x)) - %\/;erﬁ (%(1 +
= —le cosh (411 +x+x%|+ =xcosh 411 +x+ 22|+ %\Eerf(%(—l —2x)) - 11—6\/Eerﬁ (%(1

Mathematica [A] time = 0.150503, size = 72, normalized size = 1.09

1 [_3\/EErf (x + 1) _ VrExh (x N %) .\ 22x - 1) ((\/E - 1) sinh(x(x J;;)) + (1 + \/E) cosh(x(x + 1)))]
e

16 2




73

Antiderivative was successfully verified.

[In] Integrate[x~2*Sinh[1/4 + x + x72],x]

[Out] (-3*Sqrt[Pil*Erf[1/2 + x] - Sqrt[Pi]*Erfi[1/2 + x] + (2*%(-1 + 2*xx)*((1 + Sq
rt[E])*Cosh[x*(1 + x)] + (-1 + Sqrt[E])*Sinh[x*(1 + x)]))/E~(1/4))/16

Maple [C] time = 0.04, size = 75, normalized size = 1.1

x _(2x? 1 @29’ 341 1 x 29?1 as2x? i i
- & —— 4 — Erfl=+x|+-e ¢ —-e 4 + —+nErflix+=
4e 86 16 r (2 x) 4e 8e 16 nEr (zx 2)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*sinh(1/4+x+x"2),x)

[Out] 1/4*x*xexp(-1/4*(1+2xx)~2)-1/8*exp(-1/4*(1+2%x)~2)-3/16%erf (1/2+x)*Pi~(1/2)+
1/4xxxexp (1/4% (1+2xx) "2) -1/8*exp (1/4* (1+2xx) “2) +1/16%I*Pi~ (1/2) *erf (I*x+1/2

*T)

Maxima [B] time = 1.43015, size = 247, normalized size = 3.74

. . (2x+1)51"(;,i(2x+1)2) (2x+1)51"(g,—i(2x+1)2) (2x+1)3r(§,§(2x+1)2)
gﬁﬁm%%+x+—)+ -+ -+

5 5 3 +
6((x+1)%)? 6 (-(2x+1)%)? 8((2x+1)%)?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*sinh(1/4+x+x72),x, algorithm="maxima")

[Out] 1/3*x73*sinh(x"2 + x + 1/4) + 1/6%(2*x + 1) b*xgamma(5/2, 1/4x(2xx + 1)72)/(
(2*%x + 1)72)7(5/2) + 1/6%(2*x + 1) bxgamma(5/2, -1/4x(2xx + 1)72)/(-(2*x +
1)72)7(6/2) + 1/8%(2*x + 1) 3xgamma(3/2, 1/4*%(2%x + 1)72)/((2*xx + 1)72)7(3/

2) + 1/8%(2*xx + 1) 3xgamma(3/2, -1/4x(2xx + 1)72)/(-(2*x + 1)72)7(3/2) + 1/
48%xe~ (1/4%(2xx + 1)72) - 1/48%e”(-1/4%(2%x + 1)72) - 1/4*xgamma(2, 1/4*(2*x

+ 1)72) - 1/4xgamma(2, -1/4x(2xx + 1)72)
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Fricas [A] time = 2.17879, size = 181, normalized size = 2.74

1

1 1 1 2 x4t 2 1 2yt

—— |(Vr|3 erf[x + = | +erfi|x+ = e(x +x+4) —2(2x—1)e(2x +2x+2) —4x+2 e( T 4)
16 2 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*sinh(1/4+x+x72),x, algorithm="fricas")

[Out] -1/16%(sqrt(pi)*(3*erf(x + 1/2) + erfi(x + 1/2))*e”(x"2 + x + 1/4) - 2% (2*x
- D)*xe”(2*%x72 + 2xx + 1/2) - 4*xx + 2)*xe"(-x"2 - x - 1/4)

Sympy [F] time = 0., size = 0, normalized size = 0.

1
fxzsinh (x2 +x+ Z)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*sinh(1/4+x+x**2) %)

[Out] Integral (x**2*sinh(x**2 + x + 1/4), x)

Giac [C] time = 1.39717, size = 72, normalized size = 1.09

3 1 1. .1,
\/Eerf(x+ E)_EZ nerf(—zx—iz)

e VPO s

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x~2*sinh(1/4+x+x72),x, algorithm="giac")

[Out] 1/8*(2*x - 1)*e”(x72 + x + 1/4) + 1/8%(2%x - 1)*xe”(-x"2 - x - 1/4) - 3/16%s
qrt(pi)*erf(x + 1/2) - 1/16%I*sqrt(pi)*erf(-I*x - 1/2xI)
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. 1
3.12 fxsmh (Z +x+ xz) dx
Optimal. Leaf size=52
1 1 1 1 1, 1
—gx/%Erf(E(—bc - 1)) - g\/%Erﬁ (E(Zx + 1)) + 5 cosh (x +x+ 4_1)

[Out] Cosh[1/4 + x + x72]/2 - (Sqrt[Pil*Erf[(-1 - 2%x)/2])/8 - (Sqrt[Pil*Erfi[(1
+ 2%x)/2]1)/8

Rubi [A] time = 0.024053, antiderivative size = 52, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 11, LT

integrand size
0.454, Rules used = {5382, 5374, 2234, 2204, 2205}

1 1 1 1 1 ) 1
—g\/EErf(E(—Zx - 1)) - g\/EErﬁ (E(Zx + 1)) + > cosh (x +x+ Z)

Antiderivative was successfully verified.

[In] Int[x*Sinh[1/4 + x + x~2],x]

[Out] Cosh([1/4 + x + x72]1/2 - (Sqrt[Pil*Erf[(-1 - 2*x)/2])/8 - (Sqrt[Pi]l*Erfi[(1
+ 2%x)/2]1)/8

Rule 5382

Int[((d_.) + (e_.)*(x_))*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol]

:> Simp[(e*Cosh[a + bxx + c*x72])/(2*c), x] - Dist[(b*e - 2%c*d)/(2xc), In
t[Sinh[a + b*x + c*xx~2], x], x] /; FreeQ[{a, b, c, d, e}, x] &% NeQ[b*xe - 2
xcxd, 0]

Rule 5374

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*x~2), x], x] - Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, xI

Rule 2234

Int[(F)~((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4%c)), Int[F~((b + 2*c*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]
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Rule 2204

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~a*Sqr
t[Pil*Erfi[(c + d*x)*Rt[b*Logl[F], 211)/(2*d*Rt[b*Logl[F], 21), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2205

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Logl[F]), 211)/(2*d*Rt[-(bxLogl[Fl), 21), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rubi steps

1
fxsinh(; +x+x2)

1
2

1 1
+ife_1 T xzdx—jlfei+x+x2dx
4f -11- 202 5. ifei(prz;c)z I

_ g\/Eerf(i(—l - 2x)) - %\/Eerﬁ (%(l + 2x))

I W
=
|
o

1
sinh (4 +x+ xz) dx

N

+ + -+ +
= = = =
+ + + +
= RN = =

N

Il
NI NI NI~ N
Q
@}
2]
=
T e e
e N o i Y

Mathematica [A] time = 0.0780862, size = 75, normalized size = 1.44

Ve/mExf (x + %) — /e\/rErfi (x + %) +2 (\/E - 1) sinh(x(x + 1)) +2 (l + \/E) cosh(x(x + 1))
8+/e

Antiderivative was successfully verified.

[In] Integrate[x*Sinh[1/4 + x + x72],x]

[Out] (2%x(1 + Sqrt[E])*Cosh[x*(1 + x)] + E~(1/4)*Sqrt[Pil*Erf[1/2 + x] - E~(1/4)*
Sqrt [Pil*Erfi[1/2 + x] + 2%(-1 + Sqrt[E])*Sinh[x*(1 + x)]1)/(8+E~(1/4))

Maple [C] time = 0.025, size = 49, normalized size = 0.9

1 _a+2x? 1 a+2x? i ;
—e 1 +£Erf( )+—e 7 +;—;\/%Erf(ix+%)

4 8 4
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*sinh(1/4+x+x72),x)

[Out] 1/4*exp(-1/4*(1+2%xx)~2)+1/8*erf (1/2+x)*P1i~(1/2)+1/4xexp(1/4*% (1+2%x)~2)+1/8%
I¥Pi~ (1/2)*erf (Ixx+1/2%I)

Maxima [B] time = 1.53578, size = 166, normalized size = 3.19

31 3 1
] 1 (2x+1)3r(5,1(2x+1)2) (2x+1)3r(5,—1(2x+1)2) 1 (ew?) 1 (laea)
—x?sinh{x® +x+ = | - 5 - 5 - —e\t —e\ !
2 4 2 N 16 16
4(@x+1)%)? 4 (-2x+1)%)?

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sinh(1/4+x+x72),x, algorithm="maxima"

[Out] 1/2*x72%sinh(x"2 + x + 1/4) - 1/4%(2%x + 1) 3*%gamma(3/2, 1/4x(2*x + 1)72)/(
(2xx + 1)72)7(3/2) - 1/4%(2%x + 1)73*gamma(3/2, -1/4*x(2xx + 1)72)/(-(2*x +
1)72)7(3/2) - 1/16%xe”(1/4x(2xx + 1)72) + 1/16%e”(-1/4%(2*x + 1)72) + 1/4*ga

mma (2, 1/4*%(2*xx + 1)72) + 1/4xgamma(2, -1/4*%(2*xx + 1)72)

Fricas [A] time = 2.08759, size = 154, normalized size = 2.96

! (\E(erf (x - %) — erfi (x + %))e(XZJr“‘ll) + ze(zxzﬂ’”%) + 2)3(_"2"‘&)

8

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sinh(1/4+x+x72),x, algorithm="fricas")

[Out] 1/8*(sqrt(pi)*(erf(x + 1/2) - erfi(x + 1/2))*e”(x"2 + x + 1/4) + 2xe~(2%x"2
+ 2%x + 1/2) + 2)*e”(-x"2 - x - 1/4)

Sympy [F] time = 0., size = 0, normalized size = 0.

1
fxsinh(x2 +x+ Z)dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sinh(1/4+x+x*%2),x)

[Out] Integral(x*sinh(x**2 + x + 1/4), x)

Giac [C] time = 1.37898, size = 58, normalized size = 1.12

1 1\ 1, 1) 1 (2ee]) 1 (@)
g\/%erf(x+E)—gzﬁerf(—zx—iz)+Ze +Ze

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sinh(1/4+x+x72),x, algorithm="giac")

[Out] 1/8*sqrt(pi)*erf(x + 1/2) - 1/8xI*sqrt(pi)*erf(-I*x - 1/2xI) + 1/4*e”(x"2 +
x + 1/4) + 1/4*%e”(-x"2 - x - 1/4)
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. 1
3.13 fsmh (Z +x+ x2) dx
Optimal. Leaf size=39
Llix/EErf(%(—Zx - 1)) + }L\/%Erﬁ (%(23( + 1))

[Out] (Sqrt[Pil*Erf[(-1 - 2%x)/2])/4 + (Sqrt[Pil*Erfil[(1 + 2%x)/2])/4

Rubi [A] time = 0.0146505, antiderivative size = 39, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 9, il e R

integrand size
0.444, Rules used = {5374, 2234, 2204, 2205}
1\/—Ef 1( 2x —1) +1\/_Eﬁ 1(2x+1)
2 nikr 5 1 nikr 5

Antiderivative was successfully verified.

[In] Int[Sinh[1/4 + x + x~2],x]
[Out] (Sqrt[Pil*Erf[(-1 - 2*x)/2]1)/4 + (Sqrt[Pil*Erfil[(1 + 2%x)/2])/4

Rule 5374

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*x72), x], x] - Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ{a, b, c}, x]

Rule 2234

Int[(F)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4xc)), Int[F~((b + 2%c*x)"2/(4xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2204

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~a*Sqr
t[Pil*Erfi[(c + d*x)*Rt[b*Logl[F], 211)/(2*d*Rt[b*Logl[F], 21), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2205
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Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F a*Sqr
t[Pi]*Erf [(c + d*x)*Rt[-(b*Log[F]1), 211)/(2*d*Rt[-(b*Log[Fl), 21), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rubi steps

1 1 R 1 1
fsinh(zl +x+x2) dx = —(Efe i xzdx) + Efe4+x+x2dx
= - (% fe_}i(_l_zx)z dx) + % fezli(“zx)z dx

= }L\/Eerf(%(—l - 2x)) + iﬁerﬁ (%(1 + ZX))

Mathematica [A] time = 0.0245296, size = 24, normalized size = 0.62

}L\/E (Erﬁ (x + %) - Erf(x + %))

Antiderivative was successfully verified.

[In] Integrate[Sinh[1/4 + x + x72],x]

[Out] (Sqrt[Pil*(-Erf[1/2 + x] + Erfi[1/2 + x]))/4

Maple [C] time = 0.024, size = 25, normalized size = 0.6

NS i o
Erf §+x —Z\/EErf zx+§

4
Verification of antiderivative is not currently implemented for this CAS.

[In] int(sinh(1/4+x+x"2),x)

[Out] -1/4xerf(1/2+x)*Pi~(1/2)-1/4%I*xPi~(1/2)*erf (I*x+1/2%I)
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Maxima [B] time = 1.40334, size = 127, normalized size = 3.26

(2x+1)3r(§,i(2x+1)2) (2x+1)3r(§,—i(2x+1)2)
3 + 3
2(@x+1)%)? 2 (-@x+1)%)?

1 2 1 2
+ xsinh (xz +x+ }l) + }Le(z(ZxH) ) _ ie(—z(2x+l) )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(1/4+x+x~2),x, algorithm="maxima")

[Out] 1/2*(2*x + 1)~ 3*gamma(3/2, 1/4%(2*x + 1)72)/((2xx + 1)72)7(3/2) + 1/2*(2*x
+ 1)73%gamma(3/2, -1/4*%(2*xx + 1)72)/(-(2*x + 1)72)7(3/2) + x*sinh(x”2 + x +
1/4) + 1/4xe”(1/4%(2*%x + 1)72) - 1/4%e”(-1/4x(2%x + 1)72)

Fricas [A] time = 2.07183, size = 62, normalized size = 1.59

—}1 \/E(erf (x + %) — erfi (x + %))

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(1/4+x+x72),x, algorithm="fricas")

[Out] -1/4xsqrt(pi)*(erf(x + 1/2) - erfi(x + 1/2))

Sympy [F] time = 0., size = 0, normalized size = 0.

1
fsinh (x2 +x+ Z)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(1/4+x+x**2),x)

[Out] Integral(sinh(x**2 + x + 1/4), x)




Giac [C] time = 1.27667, size = 28, normalized size = 0.72
1 1 1, ) 1.
1 \/Eerf(x+ E) + Zzﬁerf(—zx— EZ)
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(sinh(1/4+x+x72),x, algorithm="giac")

[Out] -1/4xsqrt(pi)*erf(x + 1/2) + 1/4*xIxsqrt(pi)*erf(-Ixx - 1/2%I)
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sinh(l+x+x2)
d

4
314 | X
X
Optimal. Leaf size=15
sinh (x2 +x+ }L)
Unintegrable ,X

X

[Out] Unintegrable[Sinh[1/4 + x + x~2]/x, x]

Rubi [A] time = 0.0096438, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, — :
integrand size

= .

Rules used = {}

sinh (i +x+ xz)
d

J—

Verification is Not applicable to the result.

[In] Int[Sinh[1/4 + x + x72]/x,x]

[Out] Defer[Int][Sinh[1/4 + x + x~2]/x, x]
Rubi steps

sinh (1 +x+ xz)
4
dx

sinh(1 +x+x2)
4
J ix= |

X X

Mathematica [A] time = 9.13465, size = 0, normalized size = 0.

sinh (i +x+ x2)
J—=

Verification is Not applicable to the result.

dx

[In] Integrate[Sinh[1/4 + x + x72]/x,x]
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[Out] Integrate[Sinh[1/4 + x + x72]/x, x]

Maple [A] time = 0.026, size = 0, normalized size = 0.

1 1
f—sinh(—+x+x2)dx
X 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sinh(1/4+x+x"2)/x,x)

[Out] int(sinh(1/4+x+x"2)/x,%)

Maxima [A] time = 0., size = 0, normalized size = 0.

. 1
sinh (x2 +x+ Z)

f dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(1/4+x+x72)/x,x, algorithm="maxima")

[Out] integrate(sinh(x"2 + x + 1/4)/x, x)

Fricas [A] time = 0., size = 0, normalized size = 0.

. 1
sinh (x2 +x+ Z)

integral ,X

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(1/4+x+x72)/x,x, algorithm="fricas")

[Out] integral(sinh(x”2 + x + 1/4)/x, %)
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Sympy [A] time = 0., size = 0, normalized size = 0.

. 1
sinh (xz +x+ —)

f 4dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(1/4+x+x**2)/x,%)

[Out] Integral(sinh(x**2 + x + 1/4)/x, x)

Giac [A] time = 0., size = 0, normalized size = 0.

) 1
sinh (x2 +x+ —)

f 4dx
X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(1/4+x+x72)/x,x, algorithm="giac")

[Out] integrate(sinh(x"2 + x + 1/4)/x, x)
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sinh(411+x+x2)
d

315 | X

Optimal. Leaf size=68

x2

1 ) 1
cosh(x2 +x+ Z) sinh (x2+x+ Z)

Unintegrable

x| - %\/EErf(%(—zx —1)) + %\/EErﬁ (%(Zx + 1)) - "

[Out] -(Sqrt[Pil*Erf[(-1 - 2%x)/2])/2 + (Sqrt[Pil*Erfil[(1 + 2%x)/2])/2 - Sinh[1/4
+ x + x72]/x + Unintegrable[Cosh[1/4 + x + x72]/x, x]

Rubi [A] time = 0.0389672, antiderivative size = 0, normalized size of antiderivative =

. . number of rules
0., number of steps used = 0, number of rules used = 0, integrand size = 0, ———— =0,

integrand size
Rules used = {}

sinh (l +x+ xz)
4

f 5 dx

X

Verification is Not applicable to the result.

[In] Int[Sinh[1/4 + x + x~2]/x"2,x]

[Out] -(Sqrt[Pil*Erf[(-1 - 2*x)/2])/2 + (Sqrt[Pil*Erfil[(1 + 2*x)/2])/2 - Sinh[1/4
+ x + x72]/x + Defer[Int] [Cosh[1/4 + x + x72]/x, x]

Rubi steps

(1 (1 1
sinh (Z +x+x2) sinh (Z +x+x2) cosh (Z +x+x2)
d

1
f > dx = — +2fcosh(—+x+x2)dx+f
X X 4 X
sinh (i +x+x2) L L, cosh (i +x+x2)
=- +fe_1_x_x dx+fei+x+x dx+f
X X
sinh (i +x+x2) cosh(1 +x+x2)

1 1
= +fe‘1<_1_2x)2 dx+fe1(1+2")2 dx+f i
X X

(1 1
sinh (— +x+x2) cosh (Z +x+x2)

= —%ﬁerf(%(—l - 2x)) + %\/%erﬁ (%(1 + 2x)) - ! ” + f "

X

dx

dx




Mathematica [A] time = 11.589, size = 0, normalized size = 0.

sinh (1 +x+ x2)
4
f 5 dx
X

Verification is Not applicable to the result.

[In] Integrate[Sinh[1/4 + x + x72]/x72,x]

[Out] Integrate[Sinh[1/4 + x + x72]/x72, x]
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Maple [A] time = 0.038, size = 0, normalized size = 0.

1 1
f;sinh(1+x+x2)dx

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sinh(1/4+x+x"2)/x"2,%)

[Out] int(sinh(1/4+x+x72)/x"2,%)

Maxima [A] time = 0., size = 0, normalized size = 0.

. 1
sinh (xz +x+

f > ) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(1/4+x+x72)/x"2,x, algorithm="maxima"

[Out] integrate(sinh(x"2 + x + 1/4)/x72, x)

Fricas [A] time = 0., size = 0, normalized size = 0.

. 1
sinh (xz +x+ Z)

integral , X

x2



Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(1/4+x+x~2)/x"2,x, algorithm="fricas")

[Out] integral(sinh(x"2 + x + 1/4)/x72, %)
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Sympy [A] time = 0., size = 0, normalized size = 0.

) 1
sinh (x2 +x+ —)

f =2 : dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(1/4+x+x**2)/x**2 %)

[Out] Integral(sinh(x**2 + x + 1/4)/x**2, x)

Giac [A] time = 0., size = 0, normalized size = 0.

) 1
sinh (x2 +x+ —)

f =2 : dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(1/4+x+x72)/x"2,x, algorithm="giac")

[Out] integrate(sinh(x"2 + x + 1/4)/x72, x)
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3.16 fxz sinh? (a + bx + cxz) dx

Optimal. Leaf size=268

-2 b+2cx -2 b+2cx T 2 b+2cx 2 b+2cx
N IR i IR el IR et - RS

+
32¢3/2 32¢5/2 32¢3/2 3252 16¢2

[Out] -x73/6 + (b"2+E~(-2xa + b~2/(2%c))*Sqrt [Pi/2]*Erf [(b + 2xcx*x)/(Sqrt[2]*Sqrt
[c])1)/(32%c™(5/2)) + (E~(-2*%a + b~2/(2%c))*Sqrt [Pi/2]*Erf [(b + 2%c*x)/(Sqr
t[21*Sqrt[c])1)/(32xc™(3/2)) + (b™2*E™(2*a - b~2/(2%c))*Sqrt [Pi/2]1*Erfil[(b

+ 2%c*x)/(Sqrt[2]*Sqrt[c])])/(32xc~(5/2)) - (E~(2%a - b~2/(2*c))*Sqrt[Pi/2]
*Erfi[(b + 2%c*x)/(Sqrt[2]*Sqrtlc])])/(32xc™(3/2)) - (b*Sinh[2*a + 2%b*x +
2xc*x72])/(16%c™2) + (x*Sinh[2*%a + 2*%b*x + 2xc*x~2])/(8%c)

Rubi [A] time = 0.244567, antiderivative size = 268, normalized size of antiderivative =
17 number of rules

1., number of steps used = 14, number of rules used = 8, integrand size =
0.471, Rules used = {5394, 5387, 5374, 2234, 2204, 2205, 5383, 5375}

b2 b2
n —-2a b+2cx —2a b+2cx T 20—— b+2cx 2 b+2cx
Jaem et (2 ) \szez Exf (27 ) e T (2 ) NE vE if (4 C)  bsinh (20+ 20

32c3/2 32c5/2 32c3/2 32¢5/2 16¢2

integrand size

Antiderivative was successfully verified.

[In] Int[x"2*Sinh[a + b*x + c*x~2]72,x]

[Out] -x73/6 + (b™2+#E~(-2*a + b~2/(2%c))*Sqrt [Pi/2]*Erf [(b + 2*c*x)/(Sqrt[2]*Sqrt
[c1)1)/(32%c™(5/2)) + (E~(-2%a + b~2/(2*c))*Sqrt[Pi/2]1*+Erf[(b + 2*c*x)/(Sqr
t[2]*Sqrt[c])]1)/(32%c™(3/2)) + (b"2+E~(2*a - b~2/(2*c))*Sqrt[Pi/2]*Erfi[(b

+ 2%c*x) /(Sqrt[2]*Sqrt[c])])/(32xc~(5/2)) - (E~(2%a - b~2/(2%c))*Sqrt [Pi/2]
*Erfi[(b + 2%c*xx)/(Sqrt[2]*Sqrtlc])])/(32%c~(3/2)) - (b*Sinh[2*a + 2*b*x +
2xcxx"2]) /(16%c™2) + (x*xSinh[2*a + 2xb*x + 2%cxx~2])/(8%*c)

Rule 5394

Int[((d_.) + (e_.)*(x_))"(m_.)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]"(n_)
, x_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Sinh[a + b*x + c*x"2]"n, x
1, x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]

Rule 5387



90

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_))"(m_), x_Sy
mbol] :> Simp[(ex(d + e*xx)~(m - 1)*Sinh[a + bxx + c*x72])/(2%c), x] + (-Dis
t[(e™2%x(m - 1))/(2xc), Int[(d + exx) " (m - 2)*Sinh[a + b*x + c*xx~2], x], x]
- Dist[(b*e - 2%c*xd)/(2*%c), Int[(d + exx) " (m - 1)*Cosh[a + b*x + c*x"2], x]
, x]1) /; FreeQ[{a, b, ¢, d, e}, x] & GtQ[m, 1] && NeQ[b*e - 2%cxd, 0]

Rule 5374

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*xx~2), x], x] - Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 2234

Int[(F)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4xc)), Int[F~((b + 2%cx*x)~2/(4xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2204

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr
t[Pi]*Erfi[(c + dxx)*Rt[b*Logl[F], 21]1)/(2*d*Rt[b*Logl[F], 21), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

Rule 2205

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Logl[F]), 2]11)/(2*d*Rt[-(b*Logl[Fl), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 5383

Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"21*((d_.) + (e_.)*x(x_)), x_Symbol]

:> Simp[(e*Sinh[a + b*x + c*x~2])/(2%c), x] - Dist[(b*e - 2*c*d)/(2*c), In
t[Cosh[a + b*x + c*xx~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2
xcxd, 0]

Rule 5375

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*xx~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*xx~2), x], x] /; Fr
eeQ{a, b, c}, x]

Rubi steps
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2 1
fxz sinh? (u + bx + cxz) dx = f (_x_ + —x2 cosh (2a + 2bx + 2¢:x2)) dx
2 2

= _xg + % fxz cosh (Za + 2bx + 2cx2) dx
3 N x sinh (2a + 2bx + 2sz) f sinh (Za + 2bx + 20x2) dx b f x cosh (Za +2b
6 8c 8c 4c
x3  bsinh (Za + 2bx + 2cx2) x sinh (Za + 2bx + 2cx2) b? f cosh (Za + 2bx +
76 16¢2 " 8¢ " 8c?

3 bsinh (Za + 2bx + Zcxz) x sinh (Za + 2bx + 2cx2) b? f p20-2bx=2cx2 1,
76 162 " 8¢ i 1622 i
3 e_2a+§ \/Eerf ( b+zcx) e \/7e fi (b+26x) - 2
:_x_+ 5 Vave) Vv bsmh(2a+2bx+2cx)+aﬁ

6 §2c3/2 322C3/2 16c2
_ B ) bze_za’%\/gerf(?;\%) ) EZME nerf(li;;j;) ) 26> [e ﬁ(li;_zf/f)
6 32c5/2 32c3/2 32c5/2

Mathematica [A] time = 0.743297, size = 176, normalized size = 0.66

3\/2_71(192 + c)E f(li/_zjf) (cosh (211 - 2—2) — sinh (2a - —)) + 3\/2_7'(( —C)E ﬁ(b\;_z\;ic)( i h(za - —2) + cosh (Za _

192¢5/2

Antiderivative was successfully verified.

[In] Integrate[x"2*Sinh[a + b*x + c*x~2]72,x]

[Out] (3*(b™2 + c)*Sqrt[2*xPi]l*Erf[(b + 2*xcx*x)/(Sqrt[2]*Sqrtlc])]*(Cosh[2*a - b~2/
(2%c)] - Sinh[2*a - b™2/(2xc)]) + 3*(b"2 - c)*Sqrt[2+Pi]*Erfi[(b + 2x*c*x)/(

Sqrt [2]*Sqrt[c])]*(Cosh[2*a - b~2/(2%c)] + Sinh[2*a - b~2/(2xc)]) - 4xSqrt[
cl*(8%c™2%x73 + 3x(b - 2*c*x)*Sinh[2*(a + xx(b + c*x))]))/(192%c~(5/2))

Maple [A] time = 0.11, size = 281, normalized size = 1.1

3 —2cx2-2bx-2a b —2cx2-2bx-2a b2 4ac b2 21 2 dac-b?
X7 xe e \/_‘/_ Erf[\/_\/_ ‘/_ ) \/Z;/—e— 2c Frf \/E\/Ex

+
6 16¢ 32¢? 64 2 4

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(x"2*sinh(c*x~2+b*x+a) ~2,x)

[Out] -1/6%x"3-1/16/c*xx*exp(-2*c*x~2-2*%bxx-2%a)+1/32%b/c~2*%exp (-2*c*x~2-2xb*x-2%*a
)+1/64%b72/c” (5/2) %P1~ (1/2) xexp (-1/2% (4xaxc-b~2) /c)*27 (1/2) xerf (27 (1/2) *c~(

1/2) *x+1/2%b*27(1/2) /c~(1/2))+1/64/c”(3/2) *Pi~(1/2) *exp (-1/2* (4*xaxc-b~2) /c)
*27(1/2) *erf (27 (1/2)*c™ (1/2) *x+1/2%b*27(1/2) /c~(1/2) ) +1/16/c*x*exp (2*c*x~2+
2*xb*x+2%a) —1/32%b/c”2%exp (2*xc*x~2+2*b*x+2%a) -1/32%b~2/c”2*Pi~ (1/2) *exp (1/2%
(4xaxc-b~2)/c)/(-2*xc) ~(1/2) xerf (- (-2%c) ~(1/2) *x+b/ (-2xc) ~(1/2))+1/32/c*Pi~(

1/2) *exp (1/2*x (dxa*xc-b~2) /c) / (-2xc) ~(1/2) *erf (- (-2%c) " (1/2) *x+b/ (-2*c) ~(1/2)

)

Maxima [A] time = 1.33611, size = 397, normalized size = 1.48

cx+b cx C:
Vr (2cx+b)b2[er{\/ —— ] ] ) \/_b[z 2 ] 2Q2cx+b) r(3 -Gy ) (Za_f) \/E(zcx+b)b2[err[\/;/<2_
V2 AN Y )
| @exst? 2 :
_ﬂcz ( @cx+b) )2
1 ¢ B c

6 64 /c

Verification of antiderivative is not currently implemented for this CAS.

3 5 o, D
X+ 5
c2 2 (-0)2

[In] integrate(x~2*sinh(c*x~2+b*x+a)~2,x, algorithm="maxima")

[Out] -1/6%x"3 + 1/64x*sqrt(2)*(sqrt(pi)*(2xc*x + b)*b~2*(erf (sqrt(1/2)*sqrt(-(2*c
*x + b)72/c)) - 1)/(sqrt(-(2*c*xx + b)~2/c)*c”(5/2)) - 2*sqrt(2)*bxe” (1/2x(2

xc*x + b)72/c)/c”(3/2) - 2x(2%c*x + b) " 3xgamma(3/2, -1/2x(2xc*x + b)~2/c)/(
(=(2*%cxx + b)~2/c)~(3/2)*c~(5/2)))*e~(2%xa - 1/2*b~2/c)/sqrt(c) - 1/64xsqrt(

2) *(sqrt (pi) * (2*c*x + b)*b~2* (erf (sqrt(1/2)*sqrt((2*c*x + b)~2/c)) - 1)/(sq

rt ((2%c*x + b)72/c)*(-c)~(5/2)) + 2xsqrt(2)*bxcxe”(-1/2*(2*c*x + b)~2/c) /(-
c)~(5/2) - 2x(2%c*xx + b) " 3xgamma(3/2, 1/2%x(2kcxx + b)~2/c)/(((2%xc*xx + b) "2/
c)~(38/2)*(-c)~(5/2)))*xe” (-2%a + 1/2¥b"2/c)/sqrt(-c)

Fricas [B] time = 2.17034, size = 1905, normalized size = 7.11

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*sinh(c*x~2+b*x+a) 2,x, algorithm="fricas")
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[Out] -1/192%(32*c”3*x"3*cosh(c*x™2 + bxx + a)”2 - 6%x(2*c”2*x - b*c)*cosh(cxx™2 +
b*x + a)~4 - 24%(2%c”2*x - b*c)*cosh(c*x™2 + b*x + a)*sinh(c*x™2 + b*x + a
)73 - 6%(2%c”2*x - b*c)*sinh(c*x™2 + b*x + a)74 + 3*sqrt(2)*sqrt(pi)*((b~2
- c)*cosh(c*x™2 + b*x + a) 2xcosh(-1/2%(b"2 - 4x*axc)/c) + (b~2 - c)*cosh(c*
Xx"2 + b*x + a) 2*sinh(-1/2%(b"2 - 4*axc)/c) + ((b™2 - c)*cosh(-1/2*(b"2 - 4
xaxc)/c) + (b”2 - c)*sinh(-1/2*(b"2 - 4xax*xc)/c))*sinh(c*x"2 + b*x + a)~2 +
2% ((b~2 - c)*cosh(c*x™2 + bxx + a)*cosh(-1/2*(b”2 - 4*xaxc)/c) + (b™2 - c)*c
osh(c*x72 + bxx + a)*sinh(-1/2%(b"2 - 4xa*c)/c))*sinh(c*x”2 + b*x + a))*sqr
t(-c)*erf (1/2*sqrt (2)*(2*c*x + b)*sqrt(-c)/c) - 3*sqrt(2)*sqrt(pi)*((b~2 +
c)*cosh(c*x™2 + b*x + a) " 2*cosh(-1/2*x(b"2 - 4*axc)/c) - (b"2 + c)*cosh(c*x~
2 + b*x + a) 2*sinh(-1/2*x(b~2 - 4xaxc)/c) + ((b”2 + c)*cosh(-1/2%(b"2 - 4x*a
xc)/c) - (72 + c)*sinh(-1/2*(b"2 - 4xa*c)/c))*sinh(c*x™2 + bxx + a)~2 + 2%
((b~2 + c)*cosh(c*x™2 + b*xx + a)*cosh(-1/2%(b"2 - 4x*xaxc)/c) - (b~2 + c)*cos
h(c*x™2 + bxx + a)*sinh(-1/2%(b~2 - 4xa*c)/c))*sinh(c*x”2 + b*x + a))*sqrt(
c)xerf (1/2*xsqrt(2) *(2*c*x + b)/sqrt(c)) + 12%c™2%x + 4*(8*c™3%x"3 - 9*(2%c”
2xx — b*c)*cosh(c*x™2 + bxx + a) 2)*sinh(c*x™2 + b*x + a)”2 - 6*xbkxc + 8x(8%
c73*x"3*cosh(c*x™2 + bxx + a) - 3*(2*c™2*x - bxc)*cosh(cxx™2 + b*x + a)~3)*
sinh(c*x™2 + b*x + a))/(c"3*cosh(c*x™2 + b*x + a)~2 + 2*xc"3xcosh(c*x™2 + b*
X + a)*sinh(c*x”2 + b*x + a) + c~3*sinh(c*x”2 + b*x + a)”~2)

Sympy [F] time = 0., size = 0, normalized size = 0.
fxz sinh® (2 + bx + cx?) dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*sinh (c*x**2+b*x+a)**2,x)

[Out] Integral (x**2*sinh(a + b*x + c*x**2)*%*2, X)

Giac [A] time = 1.4333, size = 246, normalized size = 0.92

b2-4q

—4ac
ﬁﬁ(bzw) erf(—% \/5\/5(2 o é ))E( * ) b —2cx?-2bx-2a \/E\/E(bz—c) erf(— % \/5\/_7(2 o lfz ))e(_ *
1 7 +2(c(2x+;)—2b)e( ) ) =
6 64 c? 6

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*sinh(c*x~2+b*x+a) 2,x, algorithm="giac")
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[Out] -1/6%x"3 - 1/64*(sqrt(2)*sqrt(pi)*(b~2 + c)*erf(-1/2xsqrt(2)*sqrt(c)*(2*x +
b/c))*e”(1/2%(b~2 - 4xaxc)/c)/sqrt(c) + 2x(cx(2*%x + b/c) - 2xb)*e” (-2*c*x”

2 - 2%bxx - 2*a))/c”2 - 1/64*(sqrt(2)*sqrt(pi)*(b"2 - c)*erf(-1/2*sqrt(2)*s
grt(-c)*(2*x + b/c))*e”(-1/2%x(b"2 - 4xaxc)/c)/sqrt(-c) - 2*x(cx(2*x + b/c) -
2%b) xe” (2xc*xx~2 + 2%b*x + 2%a))/c"2
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3.17 fxsinh2 (a + bx + cxz) dx

Optimal. Leaf size=136

B2
T, —-2a b+2cx 20— b+2cx
\/;bezc Erf( ) \/7be E fi ( C) sinh (Za + 2bx + 2cx2) 2
- +

1632 16¢3/2 8c 4

[Out] -x"2/4 - (b*E~(-2*%a + b~2/(2%c))*Sqrt [Pi/2]*Erf [(b + 2%c*x)/(Sqrt[2]*Sqrt[c
1)1)/(16%c~(3/2)) - (b*xE~(2%a - b~2/(2%c))*Sqrt[Pi/2]*Erfi[(b + 2%c*x)/(Sqr
t[2]*Sqrt[c])])/(16*%c~(3/2)) + Sinh[2%a + 2%b*x + 2xc*x~2]/(8*c)

Rubi [A] time = 0.0942603, antiderivative size = 136, normalized size of antiderivative =
1., number of steps used = 8, number of rules used = 6, integrand size = 15, number of rules _

integrand size
0.4, Rules used = {5394, 5383, 5375, 2234, 2204, 2205}

—=—2 b+2cx 2 b+2cx
[be 'E ( ) [be“zEﬁ( C) smh(2a+2hx+2cx2) $2

1632 1632 8c 4

Antiderivative was successfully verified.

[In] Int[x*Sinh[a + b*x + c*x"2]72,x]

[Out] -x72/4 - (L*E"(-2*a + b~2/(2xc))*Sqrt [Pi/2]*Erf [(b + 2*c*x)/(Sqrt[2]*Sqrt([c
1)1)/(16xc™(3/2)) - (b*xE~(2*a - b~2/(2*c))*Sqrt [Pi/2]*Erfi[(b + 2%c*x)/(Sqr
t[2]1*Sqrt[c])]1)/(16%c~(3/2)) + Sinh[2*a + 2%bxx + 2%c*x~2]/(8%*c)

Rule 5394

Int[((d_.) + (e_.)*(x_)) " (m_.)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]"(n.)
, Xx_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Sinh[a + b*x + c*x"2]°n, x
1, x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]

Rule 5383

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_)), x_Symbol]

:> Simp[(e*Sinh[a + bxx + c*x72])/(2*c), x] - Dist[(b*e - 2%cxd)/(2%c), In
t[Cosh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2
xcxd, 0]

Rule 5375
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Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*x72), x], x] + Dist[1/2, Int[E"(-a - b*x - c*xx"2), x], x] /; Fr
eeQ[{a, b, c}, xI]

Rule 2234

Int[(F_)~((a_.) + (b_)*(x_) + (c_.)*x(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4xc)), Int[F~((b + 2%cxx)"2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2204

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F a*Sqr
t[Pi]*Erfi[(c + d*x)*Rt[b*Logl[F], 21]1)/(2*d*Rt[b*Logl[F], 21), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2205

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F a*Sqr
t [Pil*Erf [(c + d*x)*Rt[-(b*Log[F]), 211)/(2*d*Rt [-(b*Log[F]), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rubi steps

fxsinhz (a + bx + cx ) (—— + —x cosh (2a + 2bx + 2cx )) dx
¥ 1
=-7T*3 fxcosh (Za +2bx + 2cx2) dx
x2 .\ sinh (211 + 2bx + 2cx ) b f cosh (211 + 2bx + 2sz) dx
4 8c 4c
_ x2 N sinh (Za +2bx + 2cx ) b e~20-2bx=20x? gy i o2+ 2bx+2ex? 15
4 8c 8c 8c
02\ [ @i’ o2 e
x2 sinh (Zu + 2bx + 2sz) (be ZC) f € dx (be ZC) f e & dx
B " 8c - 8c - 8c
—2a+ﬁ T b+2cx za—ﬁ b b+2cx
2 be © % \/;erf(ﬁ\/z) be™ = \/;erﬁ(‘/i\/z) sinh (Za +2bx+2cx2)
-4 16¢3/2 - 16¢3/2 " 8¢

Mathematica [A] time = 0.384613, size = 155, normalized size = 1.14

\/Z_HbErf(w) (sinh (Za - Z—i) — cosh (Za - —)) \/_bE fi (11;_2:;) ( inh (Za 2) + cosh (Za - —)) + 4\/_ (smh(

V2vc
32¢3/2




97

Antiderivative was successfully verified.

[In] Integrate[x*Sinh[a + b*x + c*xx~2]72,x]

[Out] (b*Sqrt[2+xPi]l*Erf[(b + 2*xcx*x)/(Sqrt[2]*Sqrtlc])]*(-Cosh[2*a - b~2/(2xc)] +
Sinh[2*a - b~2/(2*c)]) - b*Sqrt[2*Pi]*Erfi[(b + 2%c*x)/(Sqrt[2]*Sqrt[c])]*(
Cosh[2*a - b™2/(2xc)] + Sinh[2*a - b~2/(2%c)]) + 4xSqrt[c]*(-2*c*x~2 + Sinh
[2%x(a + xx(b + c*x))]))/(32%c™(3/2))

Maple [A] time = 0.049, size = 141, normalized size = 1.

3 2cx2+2bx+2a b 4ac-b? ]
24" Y (Ve 4 b
2 e 16c ' 16¢ Na

4 16¢ 32

2 —2cx2-2bx-2a 4ac b2
Xt e b\/— \/_ Erf[ NN \/_

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*sinh(c*x~2+b*x+a)”2,x)

[Out] -1/4%x"2-1/16/c*xexp(-2*%c*xx~2-2%b*x-2%a)-1/32xb/c”(3/2)*Pi~(1/2)*exp(-1/2*(4
*xaxc-b~2)/c)*27 (1/2) xerf (27 (1/2) *c™ (1/2) *x+1/2%b*27(1/2) /c~(1/2))+1/16/c*ex
p(2%c*x™2+2xbxx+2%a) +1/16%b/c*Pi~ (1/2) *exp (1/2% (d*a*c-b~2) /c)/(-2xc)~(1/2) *

erf (-(-2%c) "~ (1/2) *x+b/(-2%c)~(1/2))

Maxima [A] time = 1.2817, size = 270, normalized size = 1.99

o) oy ot s

3
(2cx+h) 02 \/E (ZC‘C"'b) @ath)” 2

1 c

_x2 _ _
i 32+/c 32—

e

3
2 (=0)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sinh(c*x~2+b*x+a)”~2,x, algorithm="maxima")

[Out] -1/4%x"2 - 1/32*sqrt(2)*(sqrt(pi)*(2*c*x + b)*bx(erf (sqrt(1/2)*sqrt (-(2*xc*x
+ b)72/c)) - 1)/(sqrt(-(2xc*x + b)~2/c)*c”(3/2)) - sqrt(2)*e” (1/2x(2*c*xx +
b)~2/c)/sqrt(c))*e”(2xa - 1/2*b"2/c)/sqrt(c) - 1/32*xsqrt(2)*(sqrt(pi)*(2%*c
*x + b)*b*(erf(sqrt(1/2)*sqrt((2*c*x + b)~2/c)) - 1)/(sqrt((2*c*xx + b)~2/c)
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x(-c)~(3/2)) + sqrt(2)*c*xe”(-1/2%(2*c*x + b)~2/c)/(-c)~(3/2))*e”~(-2*a + 1/2
*b~2/c)/sqrt(-c)

Fricas [B] time = 2.14899, size = 1651, normalized size = 12.14

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sinh(c*x~2+b*x+a)~2,x, algorithm="fricas")

[Out] -1/32%(8xc”2*x"2*cosh(c*x™2 + b*x + a)”2 - 2xc*xcosh(c*x™2 + b*x + a)~4 - 8%
cxcosh(c*x™2 + b*x + a)*sinh(c*x™2 + b*x + a)~3 - 2*c*sinh(c*x™2 + b*x + a)
~4 - sqrt(2)*sqrt(pi)*(b*cosh(c*x™2 + bxx + a) 2*cosh(-1/2%(b~2 - 4x*axc)/c)
+ b*cosh(c*x"2 + b*x + a) 2*sinh(-1/2*(b"2 - 4xaxc)/c) + (b*cosh(-1/2x(b"2
- 4*a*xc)/c) + bxsinh(-1/2%(b"2 - 4*a*xc)/c))*sinh(c*x”2 + b*x + a)”2 + 2*x(b
*cosh(c*x™2 + b*x + a)*cosh(-1/2%(b"2 - 4*axc)/c) + bxcosh(c*x™2 + b*x + a)
xsinh (-1/2%(b”2 - 4x*axc)/c))*sinh(c*x™2 + b*x + a))*sqrt(-c)*erf(1/2*xsqrt(2
)*(2*%cxx + b)*sqrt(-c)/c) + sqrt(2)*sqrt(pi)*(b*cosh(c*x™2 + b*x + a) 2*cos
h(-1/2*x(b~2 - 4*a*c)/c) - b*cosh(c*x"2 + b*x + a) 2*sinh(-1/2*(b"2 - 4x*axc)
/c) + (b*cosh(-1/2x(b"2 - 4xa*c)/c) - b*sinh(-1/2*(b"2 - 4*axc)/c))*sinh(c*
X"2 + bxx + a)”2 + 2+(b*cosh(c*x™2 + b*x + a)*cosh(-1/2%(b"2 - 4*a*xc)/c) -
b*cosh(c*x™2 + b*x + a)*sinh(-1/2*(b"2 - 4xa*xc)/c))*sinh(c*x™2 + b*xx + a))*
sqrt(c)*xerf (1/2xsqrt (2) *(2xc*x + b)/sqrt(c)) + 4*x(2xc”™2%x"2 - 3*c*cosh(c*xx”
2 + b*x + a) " 2)*sinh(c*x™2 + b*x + a)”2 + 8% (2*xc”™2*x"2*xcosh(c*x™2 + b*x + a
) — c*cosh(c*x™2 + b*x + a)~3)*sinh(c*x”2 + b*x + a) + 2*c)/(c"2*xcosh(c*x™2
+ b*x + a)”2 + 2xc"2%cosh(c*x™2 + b*x + a)*sinh(c*x”2 + b*x + a) + c 2*sin
h(c*x™2 + bxx + a)”~2)

Sympy [F] time = 0., size = 0, normalized size = 0.

f xsinh? (a +bx + cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sinh(c*x**2+b*x+a)**2,x)

[Out] Integral(x*sinh(a + bxx + c*x**2)*%*2, X)
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Giac [A] time = 1.38601, size = 192, normalized size = 1.41

b2—4ac
2c

1 V2y/mb erf(—% ‘/5\/5(2 x+§))e( V2 erf(—% \/E‘/_—C(z x+§))e( * ) 49 €(2cx2+2 bx+2a)
__ xz + Ve + Ve
4 32¢ 32c

) e(—Z cx2-2bx-2 u)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sinh(c*x~2+b*x+a)~2,x, algorithm="giac")

[Out] -1/4%x"2 + 1/32x(sqrt(2)*sqrt(pi)*b*xerf (-1/2xsqrt(2)*sqrt(c)*(2%x + b/c))*e
“(1/2x (072 - 4xaxc)/c)/sqrt(c) - 2xe”(-2*%c*x~2 - 2*b*x - 2%a))/c + 1/32x(sq
rt(2)*sqrt (pi)*b*xerf (-1/2*%sqrt (2) *sqrt (-c) *(2*x + b/c))*e”(-1/2x(b~2 - 4xax
c)/c)/sqrt(-c) + 2%e”(2xc*xx"2 + 2%bxx + 2%a))/c
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3.18 f sinh? (a + bx + cxz) dx

Optimal. Leaf size=110

i v
n —-2a b+2cx T 20—— b+2cx
\/gez Erf(ﬁ\ﬁ) \/je 2 Erﬁ(\/i\/z) x

2
+ —

8+/c 8+/c 2

[Out] -x/2 + (E7(-2%a + b~2/(2%c))*Sqrt [Pi/2]*Erf [(b + 2*c*x)/(Sqrt[2]*Sqrtlc]l)])
/(8xSqrt[c]l) + (E~(2%a - b~2/(2%c))*Sqrt [Pi/2]*Erfi[(b + 2*c*x)/(Sqrt[2]*Sq
rt[c])]1)/(8*Sqrtlcl)

Rubi [A] time = 0.0616729, antiderivative size = 110, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 5, integrand size = 13, e -

0.385, Rules used = {5376, 5375, 2234, 2204, 2205}

i3 b2
T —-24 b+2cx T 20— — b+2cx
\/gez Erf(ﬁ\ﬁ) \/je 2 Erﬁ(\/i\/z) x

2
+ —

8+/c 8+/c 2

integrand size

Antiderivative was successfully verified.

[In] Int[Sinh[a + b*x + c*x"2]72,x]

[Out] -x/2 + (E™(-2*a + b~2/(2%c))*Sqrt[Pi/2]*Erf [(b + 2%c*x)/(Sqrt[2]*Sqrt[c])])
/(8xSqrt[c]) + (E7(2%a - b~2/(2%c))*Sqrt [Pi/2]*Erfi[(b + 2*c*x)/(Sqrt[2]*Sq
rt[c])]1)/(8*Sqrtlcl)

Rule 5376

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]"(n_), x_Symbol] :> Int[ExpandTr
igReduce[Sinh[a + b*x + c*x”2]7n, x], x] /; FreeQ[{a, b, c}, x] && IGtQ[n,
1]

Rule 5375

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*xx~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*xx~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 2234
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Int[(F_)"((a_.) + (b_)*(x_) + (c_.)*x(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4xc)), Int[F~((b + 2%cxx)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2204

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~a*xSqr
t[Pi]l*Erfi[(c + d*x)#*Rt[b*Logl[F], 2]1])/(2xd*Rt[bxLogl[F], 2]), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

Rule 2205
Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F a*Sqr

t[Pi]l*Erf [(c + d*x)*Rt[-(bxLogl[F]), 2]11)/(2*d*Rt[-(b*Log[Fl), 21), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rubi steps

1 1
s 01,2 2 _ 2
fsmh (a+bx+cx ) dx = f(_i + icosh (2a+2bx+26x )) dx

x 1
=—-=+ - | cosh (Za + 2bx + 2cx2) dx

2 2
— _E + 1 e—2a—2bx—20x2 dx + 1f62a+2bx+26x2 dx

2 4 4

x 1,7 (@b+4cx)? 1 i _ (-2b-4cx)?
=-Z 4=~ 2cfe 5o dx + eza+2cfe sc dx

2 4 4

—2u+ﬁ fré b+2cx 20— bz b+2cx
2c —

x ¢ \ﬁerf(vi\ﬁ) ¢ ‘feﬁ(«f\f)
=—=+ +

2 8+/c 8+/c

Mathematica [A] time = 0.140985, size = 140, normalized size = 1.27

R (122) (st (2 ) s (20~ £)) 7 (222 (s (20— £) +con (20~ £)) - 4124

824/
Antiderivative was successfully verified.

[In] Integrate[Sinh[a + b*x + c*x~2]72,x]

[Out] (-4*Sqrt[2]*Sqrtlcl*x + Sqrt[Pil*Erf[(b + 2%c*x)/(Sqrt[2]*Sqrt[c])]*(Cosh[2

*a - b72/(2%c)] - Sinh[2%a - b72/(2%c)]) + Sqrt[Pi]*Erfi[(b + 2*c*x)/(Sqrtl
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2]1*Sqrt [c])I*(Cosh[2*a - b~2/(2%c)] + Sinh[2*a - b~2/(2*c)]))/(8+Sqrt[2]*Sq
rt[c]l)

Maple [A] time = 0.04, size = 94, normalized size = 0.9

\/—\/— 4115 h2 b\/_ 21 1 ﬁ dac-b? ( 1 1
2 Erf|V2 x+—— — ——=¢ 2¢ BErf|{-V-2cx+0
27 16 Ve Ve 8 V-2¢/ V-2¢

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sinh(c*x~2+b*x+a)~2,x)

[Out] -1/2%x+1/16%Pi~(1/2)*exp(-1/2% (4d*axc-b"2)/c)*27(1/2)/c~(1/2)*erf (27 (1/2)*c~
(1/2)*x+1/2%b*27(1/2) /c~(1/2) )-1/8*Pi~ (1/2) *exp (1/2* (4*xaxc-b~2) /c) / (-2*c) ~(
1/2)xerf (= (=2%c) ™ (1/2)*x+b/ (=2%c) ~(1/2))

Maxima [A] time = 1.68475, size = 130, normalized size = 1.18

2

\/Eﬁerf(\/z\/—_c —%)e(za_%) \/—\/_erf(\/_\/Ex+—) (_2u+§) 1

+ -=x

16y/-c 16 4/c 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(c*x~2+bxx+a)~2,x, algorithm="maxima"

[Out] 1/16*sqrt(2)*sqrt(pi)*erf (sqrt(2)*sqrt(-c)*x - 1/2*sqrt(2)*b/sqrt(-c))*e~(2
xa - 1/2%b72/c)/sqrt(-c) + 1/16*sqrt(2)*sqrt(pi)*erf (sqrt(2)*sqrt(c)*x + 1/
2xsqrt (2) *b/sqrt(c))*e”(-2%a + 1/2%b~2/c)/sqrt(c) - 1/2*x

Fricas [A] time = 2.0122, size = 358, normalized size = 3.25

+ sinh | - P-dac erf 22crtb)y=c -2 2+/mty/c|cosh (- —226) _ ginh (- 2222)) ext —2(
o v 2e : 22c \/_1

16¢

\/_\/_\/_(cosh(

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sinh(c*x~2+b*x+a)”2,x, algorithm="fricas")

[Out] -1/16%(sqrt(2)*sqrt(pi)*sqrt(-c)*(cosh(-1/2*%(b"2 - 4*axc)/c) + sinh(-1/2*(b
"2 - 4xaxc)/c))*erf (1/2xsqrt(2)*(2*cxx + b)*sqrt(-c)/c) - sqrt(2)*sqrt(pi)*
sqrt(c)*(cosh(-1/2*% (b2 - 4*axc)/c) - sinh(-1/2*(b"2 - 4xax*c)/c))*erf (1/2%s
qrt(2)*(2*xc*x + b)/sqrt(c)) + 8*c*x)/c

Sympy [F] time = 0., size = 0, normalized size = 0.

fsinh2 (a +bx + cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(ckx**2+b*x+a)**2,x)

[Out] Integral(sinh(a + b*x + cCkx**2)**2, x)

Giac [A] time = 1.40245, size = 127, normalized size = 1.15

xﬁﬁerf(-g ﬁ\/E(zx n b)) e(b%) Vayrerf (_§ \/5\/—_c(2x N ”)) e(‘bzfcm) .
) 16 e ) 16 V¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(c*x~2+b*x+a)~2,x, algorithm="giac")

[Out] -1/16%sqrt(2)*sqrt(pi)*erf(-1/2xsqrt(2)*sqrt(c)*(2*xx + b/c))*e”(1/2x(b"2 -
4xaxc)/c)/sqrt(c) - 1/16*sqrt(2)*sqrt(pi)*erf (-1/2xsqrt(2)*sqrt(-c)*(2xx +
b/c))*e”(-1/2x(b"2 - 4xaxc)/c)/sqrt(-c) - 1/2*x
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3.19 dx

Optimal. Leaf size=32

f sinhz(a+bx+cx2)

X

1 cosh (2a + 2bx + 2cx? 1
EUnintegrable( ( ), x| - og;(x)

X

[Out] -Loglx]/2 + Unintegrable[Cosh[2*a + 2xb*x + 2%cxx"2]/x, x]/2

Rubi [A] time = 0.031242, antiderivative size = 0, normalized size of antiderivative = 0.,
number of rules

number of steps used = 0, number of rules used = 0, integrand size = 0, — -
integrand size

Rules used = {}

*)

dx

f sinh? (a +bx + cxz)
x

Verification is Not applicable to the result.
[In] Int[Sinh[a + b*x + c*x"2]"2/x,x]

[Out] -Loglx]/2 + Defer[Int] [Cosh[2*a + 2%b*x + 2%c*x"2]/x, x]/2

Rubi steps

sinh? (a +bx + cxz) 1  cosh (Za + 2bx + 2cx2)
f dx = f -——+ dx
X 2x 2x

1 cosh (2a + 2bx + 2cx?
w0 1 ( ) i
2 2 X

Mathematica [A] time = 59.4538, size = 0, normalized size = 0.

dx

f sinh? (a +bx + cxz)
x

Verification is Not applicable to the result.

[In] Integrate[Sinh[a + b*x + c*x72]72/x,x]
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[Out] Integrate[Sinh[a + b*x + c*x72]72/x, x]

Maple [A] time = 0.054, size = 0, normalized size = 0.

dx

f (sinh (cx2 + bx + a))2

x
Verification of antiderivative is not currently implemented for this CAS.

[In] int(sinh(c*x~2+b*x+a)~2/x,x)

[Out] int(sinh(c*x"2+b*x+a) ~2/x,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

ZCx +2bx+2a ZCx —2bx— Za

1
4f dx+—f dx—ilog(x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(c*x~2+bxx+a)”2/x,x, algorithm="maxima"

[Out] 1/4*integrate(e”™(2xcxx~2 + 2xbxx + 2%a)/x, x) + 1/4xintegrate(e”(-2%c*x"2 -
2xb*x - 2%a)/x, x) - 1/2xlog(x)

Fricas [A] time = 0., size = 0, normalized size = 0.

sinh (cx2 +bx + a)z

X

integral , X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(c*x~2+bxx+a) 2/x,x, algorithm="fricas")

[Out] integral(sinh(c*x"2 + b*x + a)~2/x, x)
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Sympy [A] time = 0., size = 0, normalized size = 0.

dx

f sinh? (a +bx + cxz)
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(c*x**2+b*xx+a)**2/x,x)

[Out] Integral(sinh(a + b*x + ckx**2)**2/x, x)

Giac [A] time = 0., size = 0, normalized size = 0.

f sinh (cx2 +bx + a)z ;
X

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(c*x~2+bxx+a) 2/x,x, algorithm="giac")

[Out] integrate(sinh(c*x”2 + bxx + a)~2/x, x)
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3.20 f x2 sinh? (a + bx — cxz) dx

Optimal. Leaf size=268

b2 b2
T 20+ b-2cx [T 12,20+ 5 b-2cx \/? ~20-3- (b—ﬂ) \/’ 2 ~20-7 (b ZCx) '
\/;e 2Erf(\/§\/2)_ =b ZEf(‘/—‘/_)+ e~ xErfi i) boe ZEﬁ\/—\/— bsmh(2a+
32¢3/2 32¢5/2 32¢3/2 3252 16

[Out] -x73/6 - (b"2+#E~(2*a + b~2/(2xc))*Sqrt [Pi/2]1*Erf [(b - 2*c*x)/(Sqrt[2]*Sqrt[
c])1)/(32xc~(5/2)) - (E"(2%a + b~2/(2%c))*Sqrt [Pi/2]*Erf [(b - 2%c*x)/(Sqrt[
2]1*Sqrt[cl)])/(32%xc™(3/2)) - (b™2*E~(-2%a - b~2/(2xc))*Sqrt [Pi/2]*Erfi[(b -

2*c*x) / (Sqrt [2] *Sqrt [c]) 1)/ (32%xc™(5/2)) + (E~(-2*a - b2/ (2xc))*Sqrt[Pi/2]
*Erfi[(b - 2%c*x)/(Sqrt[2]*Sqrtlc])])/(32%c~(3/2)) - (bxSinh[2*a + 2%b*x -
2xc*x72])/(16%c™2) - (x*Sinh[2*%a + 2*%b*x - 2xc*x~2])/(8%c)

Rubi [A] time = 0.233186, antiderivative size = 268, normalized size of antiderivative =
1., number of steps used = 14, number of rules used = 8, integrand size = 18, number of rules _

integrand size
0.444, Rules used = {5394, 5387, 5374, 2234, 2205, 2204, 5383, 5375}

w2 b—2cx 2 b—2cx T —2a— b—2cx -2 b—2cx
\/;e‘HZEf( ) NE “+2cEf( ) NEx ”ZcEﬁ( ) NEZ ”zcErﬁ( = bsinh (20 +

32c3/2 32c5/2 32c3/2 32c5/2 16

Antiderivative was successfully verified.

[In] Int[x"2*Sinh[a + b*x - c*x72]72,x]

[Out] -x73/6 - (b™2+#E~(2*a + b~2/(2%c))*Sqrt [Pi/2]*Erf [(b - 2*c*x)/(Sqrt[2]*Sqrt[
c1)1)/(32%c~(5/2)) - (E~(2*a + b~2/(2*c))*Sqrt [Pi/2]1*Erf[(b - 2*c*x)/(Sqrt[
2]1*%Sqrt[c])1)/(32%c™(3/2)) - (b™2*E~(-2*a - b~2/(2%c))*Sqrt [Pi/2]*Erfi[(b -

2%c*xx) /(8qrt [2]*Sqrt[c])])/(32xc™(5/2)) + (E~(-2%a - b72/(2%c))*Sqrt [Pi/2]
*Erfi[(b - 2%c*x)/(Sqrt[2]*Sqrt[cl)])/(32*%c~(3/2)) - (b*Sinh[2*a + 2%b*x -
2xcxx"2]) /(16%c™2) - (x*xSinh[2*a + 2xb*x - 2%cxx~2])/(8%*c)

Rule 5394

Int[((d_.) + (e_.)*(x_))"(m_.)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]"(n_)
, x_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Sinh[a + b*x + c*x"2]"n, x
1, x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]

Rule 5387
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Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_))"(m_), x_Sy
mbol] :> Simp[(ex(d + e*xx)~(m - 1)*Sinh[a + bxx + c*x72])/(2%c), x] + (-Dis
t[(e™2%x(m - 1))/(2xc), Int[(d + exx) " (m - 2)*Sinh[a + b*x + c*xx~2], x], x]

- Dist[(b*e - 2%c*xd)/(2*%c), Int[(d + exx) " (m - 1)*Cosh[a + b*x + c*x"2], x]
, x1) /; FreeQ[{a, b, ¢, d, e}, x] & GtQ[m, 1] && NeQ[b*e - 2%cxd, O]

Rule 5374

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*xx"2), x], x] - Dist[1/2, Int[E"(-a - b*x - c*x~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 2234

Int[(F)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4xc)), Int[F~((b + 2%cx*x)~2/(4xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2205

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Logl[F]), 211)/(2*d*Rt[-(b*LoglF]), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2204

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pi]*Erfi[(c + d*x)*Rt[bxLog[F], 2]1])/(2*d*Rt[b*Logl[F], 2]), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

Rule 5383

Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"21*((d_.) + (e_.)*x(x_)), x_Symbol]

:> Simp[(e*Sinh[a + b*x + c*x~2])/(2%c), x] - Dist[(b*e - 2*c*d)/(2*c), In
t[Cosh[a + b*x + c*xx~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2
xcxd, 0]

Rule 5375

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + cxx72), x], x] + Dist[1/2, Int[E"(-a - b*x - c*x72), x], x] /; Fr
eeQ{a, b, c}, x]

Rubi steps
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2 1
fxz sinh? (u + bx - cxz) dx = f (_x_ + —x2 cosh (Za + 2bx — 20x2)) dx
2 2

= _xg + % fxz cosh (2(1 + 2bx — 20x2) dx
_ 2% xsinh (2a + 2bx — 2cx2) N f sinh (Za + 2bx — 2cx2) dx N b f x cosh (Za + 20
6 8c 8c 4c
_ 2% bsinh (Za + 2bx — 2cx2) xsinh (Za + 2bx — 2cx2) N b? f cosh (Za +2bx -2
6 16¢2 8¢ 8¢?
_x® bsinh (Za + 2bx — 2cx2) xsinh (Za + 2bx — 2sz) . b? f p2+2bx=20x% . b?
6 16¢2 8c 16¢2
2+ [T (b-2ex 20-2 [m b-2cx
B \/;erf (\/_2—\/2) N s (\/—\[) bsinh (Zu + 2bx — 2cx2) XS
"6 32030 i 32030 16c2 T
3 bzeza+§ \/§ erf (b_ﬂ) eZ”J“Z_i \/E erf ( b_Zcx) bze_za_é \/i erfi (b_zcx) e
x 2 2 2
6 3250 - 32530 - 32050 -

Mathematica [A] time = 0.73279, size = 181, normalized size = 0.68

3\/2_n(b2+c)E f(\/_\/_)(sinh(2a+ Z )+Cosh(2a+ )) +3\/E( —c)E ﬁ(\/_\/_)(cosh(Za+ g)—sinh(Za-l
19252

Antiderivative was successfully verified.

[In] Integrate[x"2*Sinh[a + b*x - c*x~2]72,x]

[Out] (3*(b"2 - c)*Sqrt[2*xPi]l*Erfi[(-b + 2xc*x)/(Sqrt[2]*Sqrtlc])]*(Cosh[2*a + b~
2/(2xc)] - Sinh[2*a + b72/(2%c)]) + 3*%(b"2 + c)*Sqrt [2*Pi]*Erf [(-b + 2%c*x)
/(Sqrt [2]*Sqrt[c])]*(Cosh[2*a + b~2/(2*c)] + Sinh[2*a + b~2/(2%c)]) - 4*Sqr
t[c]*(8xc™2*%x™3 + 3% (b + 2*c*x)*Sinh[2*(a + x*x(b - c*x))]))/(192%c~(5/2))

Maple [A] time = 0.102, size = 273, normalized size = 1.

+ +
6 16¢ 32¢2 32 c2

x3 er cx2-2bx-2a beZ cx2-2bx-2a b2 / 4 ac+b2 -
T

Lac+b?
(V—Z cx+b ! \/E 2¢ Erf(\/—Z cx + b—

v—)ﬁ 32c° N

Verification of antiderivative is not currently implemented for this CAS.
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[In] int(x"2*sinh(-c*x~2+b*x+a)”~2,x)

[Out] -1/6%x"3+1/16/c*xx*exp(2*c*x~2-2xb*x-2%a)+1/32*%b/c ™ 2xexp (2*c*x~2-2%b*x-2%a) +
1/32%b72/c”2xPi~ (1/2) *exp (-1/2* (d*axc+b~2) /c) / (=2*c) " (1/2) xerf ((-2*c)~(1/2)

*x+b/ (-2%c) " (1/2))-1/32/c*Pi~ (1/2) *exp(-1/2* (4*xa*c+b~2)/c) /(-2*c) ~(1/2) xerf
((=2x%c) = (1/2) *x+b/ (-2*%c) ~(1/2) ) -1/16/c*xxexp (-2*%c*x~2+2xb*x+2%a) -1/32%b/c"2

xexp (—2xc*x”"2+2*b*x+2%a) -1/64%b~2/c”(5/2) *Pi~ (1/2) xexp (1/2* (4*a*xc+b~2) /c) *2
“(1/2)xerf (-27(1/2) *c™(1/2) *x+1/2%b*27(1/2) /c~(1/2) )-1/64/c~(3/2)*Pi~ (1/2) *
exp(1/2x(4xaxc+b™2) /c)*27(1/2) *xerf (=27 (1/2) *c~ (1/2) *x+1/2*%b*2~(1/2) /c~(1/2)

)

Maxima [A] time = 1.49115, size = 435, normalized size = 1.62

cx-b)? cx—b)? 2 c.
N
V2 - e V2

2 5 5 B [ ool &
[ mc—b) (-0)2 (—0)2 ((2 Cxib)Z) (_C)g (@ CXC b) o2

c

——x%- +

6 64 +/—c

Verification of antiderivative is not currently implemented for this CAS.

NI W

[In] integrate(x~2*sinh(-c*x~2+b*x+a)”~2,x, algorithm="maxima"

[Out] -1/6%x"3 - 1/64xsqrt(2)*(sqrt(pi)*(2xc*x - b)*b~2*(erf (sqrt(1/2)*sqrt ((2xc*
X - b)72/c)) - 1)/(sqrt((2*%cxx - b)~2/c)*(-c)~(5/2)) - 2*sqrt(2)*b*cxe~(-1/

2% (2xc*x - b)~2/c)/(-c)~(56/2) - 2x(2xc*x - b) "3xgamma(3/2, 1/2%(2%c*x - b)~
2/c)/(((2%c*x - b)~2/c)~(3/2)*x(-c)~(5/2)))*e~(2*a + 1/2%¥b~2/c)/sqrt(-c) + 1
/64*xsqrt (2) *(sqrt (pi) * (2%c*x - b)*b~ 2% (erf (sqrt(1/2)*sqrt(-(2xc*x - b)~2/c)

) = 1)/(sqrt(-(2*%c*x - b)~2/c)*c”™(5/2)) + 2*sqrt(2)*b*xe”(1/2x(2*c*xx - b)~2/
c)/c”(3/2) - 2x(2*xcxx - b) "3*gamma(3/2, -1/2*x(2*c*x - b)~2/c)/((-(2*c*x - b
)72/c)~(3/2)*c™(5/2)))*e”(-2%a - 1/2xb~2/c)/sqrt(c)

Fricas [B] time = 2.16685, size = 1889, normalized size = 7.05

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*sinh(-c*x”~2+b*x+a)”~2,x, algorithm="fricas")
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[Out] -1/192%(32*c~3*x " 3*cosh(c*x™2 - b*x - a)~2 - 6*%x(2*xc”2*x + b*c)*cosh(c*x"2 -

bxx - a)~4 - 24%(2%c”2*x + b*c)*cosh(c*x™2 - b*x - a)*sinh(c*x™2 - b*x - a
)73 - 6%(2%c”2*x + b*c)*sinh(c*x™2 - b*x - a)74 + 3*sqrt(2)*sqrt(pi)*((b~2
- c)*cosh(c*x™2 - b*x — a)~2*cosh(1/2%(b"2 + 4x*xa*xc)/c) - (b™2 - c)*cosh(c*x
"2 - b*x - a) 2*sinh(1/2*%(b"2 + 4xaxc)/c) + ((b"2 - c)*cosh(1/2%(b"2 + 4*ax
c)/c) = (b”2 - c)*sinh(1/2*x(b"2 + 4x*ax*xc)/c))*sinh(c*x™2 - bxx - a)~2 + 2x((
b"2 - c)*cosh(c*x"2 - b*x - a)*xcosh(1/2*(b"2 + 4x*axc)/c) - (b”2 - c)*cosh(c
*x"2 - b*x - a)*sinh(1/2%(b"2 + 4xa*c)/c))*sinh(c*x”2 - b*x - a))*sqrt(-c)*
erf (1/2xsqrt(2)*(2*cxx - b)*sqrt(-c)/c) - 3xsqrt(2)*sqrt(pi)*((b"2 + c)*cos
h(c*x™2 - b*xx - a) 2*cosh(1/2*(b"2 + 4*xaxc)/c) + (b™2 + c)*cosh(c*x™2 — b*x

- a)"2*sinh(1/2*(b~2 + 4xaxc)/c) + ((b™2 + c)*cosh(1/2*x(b~2 + 4xaxc)/c) +
(b™2 + c)*sinh(1/2*%(b~2 + 4*a*c)/c))*sinh(c*x"2 - b*x - a)”2 + 2x((b"2 + ¢)
*cosh(c*x™2 - b*xx - a)*xcosh(1/2%(b~2 + 4*axc)/c) + (b"2 + c)*cosh(c*x™2 - b
*x — a)*sinh(1/2%(b~2 + 4*axc)/c))*sinh(c*x™2 - b*x - a))*sqrt(c)*erf (1/2%s
qrt (2) *(2*c*x - b)/sqrt(c)) + 12*c7™2*x + 4*(8*c™3%x73 - 9% (2*Cc™2%x + b*c)*c
osh(c*x™2 - b*x - a)”"2)*sinh(c*x"2 - b*x - a)”2 + 6*bxc + 8*x(8*c~3*x"3*cosh
(c*x™2 - bxx - a) - 3*(2*xc”2*x + bxc)*cosh(c*x"2 - b*x - a)”~3)*sinh(c*xx"2 -

bxx - a))/(c”3*cosh(c*x™2 - b*x - a)~2 + 2*c~3*cosh(c*x™2 - b*x - a)*sinh(

c*x"2 - b*x - a) + ¢ 3*sinh(c*x"2 - b*x - a)”2)

Sympy [F] time = 0., size = 0, normalized size = 0.
f 2 sinh? (a + bx - cx?) dx
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*sinh(-cxx**2+b*x+a)**2,x)

[Out] Integral (x**2*sinh(a + b*x — c*x**2)**2, X)

Giac [A] time = 1.36246, size = 251, normalized size = 0.94

b2+4ac)

VayR(t2+) erf(_% \/5\/5(2 x—é))e( 2

) \/E\/E(bz—c) erf(—% \/E\/—_C(Z x—é))e(_

P2+4.
2c

b (—2 cx2+2bx+2a
1, 7 +2(c(2x—c)+2b)e =

5 T 6402 -

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*sinh(-c*x~2+b*x+a)”2,x, algorithm="giac")
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[Out] -1/6%x"3 - 1/64x(sqrt(2)*sqrt(pi)*(b~2 + c)*erf(-1/2*xsqrt(2)*sqrt(c)*(2*xx -
b/c))*e”(1/2%(b"2 + 4*axc)/c)/sqrt(c) + 2x(cx(2%x - b/c) + 2%b)*e” (-2xc*x”

2 + 2%bxx + 2*a))/c”2 - 1/64*(sqrt(2)*sqrt(pi)*(b"2 - c)*erf(-1/2*sqrt(2)*s
grt(-c)*(2*%x - b/c))*e”(-1/2x(b"2 + 4xax*xc)/c)/sqrt(-c) - 2x(cx(2*x - b/c) +

2xb) ke~ (2xc*x”2 - 2xb*x - 2%a))/c”2
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3.21 fxsinh2 (a + bx — cxz) dx

Optimal. Leaf size=136

4 i3
T, 2a+— b—2cx T, —20—— b—2cx
\/;be ZCErf(\/E\/E) \/;be % Erﬁ(\/_z—\/E) sinh (Za +2bx—2cx2) X2

1632 16¢3/2 8c 4

[Out] -x"2/4 - (b*E~(2%a + b~2/(2%c))*Sqrt [Pi/2]*Erf[(b - 2x*c*x)/(Sqrt[2]*Sqrt[c]
)1)/(16%c~(3/2)) - (b*E~(-2*%a - b~2/(2%c))*Sqrt [Pi/2]*Erfi[(b - 2x*c*x)/(Sqr
t[2]*Sqrt[c])]1)/(16*%c~(3/2)) - Sinh[2*a + 2%b*x - 2xc*x~2]/(8*c)

Rubi [A] time = 0.0911715, antiderivative size = 136, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 6, integrand size = 16, L

integrand size
0.375, Rules used = {56394, 5383, 5375, 2234, 2205, 2204}

20+ b-2 202 b-2
1 a+— —2cx T, -20—— —2cx
\/gbe 2c Erf(\/i\/E) Ebe 2 Erfi (\/_2—\/5) sinh <2a + 2bx — zch) xz

16¢3/2 16c3/2 8c 4

Antiderivative was successfully verified.

[In] Int[x*Sinh[a + b*x - c*x"2]72,x]

[Out] -x"2/4 - (L*E"(2xa + b~2/(2*c))*Sqrt[Pi/2]*Erf[(b - 2*c*x)/(Sqrt[2]*Sqrt[c]
)1)/(16%c~(3/2)) - (bxE~(-2xa - b~2/(2%c))*Sqrt[Pi/2]*Erfil[(b - 2*c*x)/(Sqr
t[2]1*Sqrt[c])]1)/(16%c~(3/2)) - Sinh[2*a + 2%bxx - 2%c*x~2]/(8%*c)

Rule 5394

Int[((d_.) + (e_.)*(x_)) " (m_.)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]"(n.)
, Xx_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Sinh[a + b*x + c*x"2]°n, x
1, x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]

Rule 5383

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_)), x_Symbol]

:> Simp[(e*Sinh[a + bxx + c*x72])/(2*c), x] - Dist[(b*e - 2%cxd)/(2%c), In
t[Cosh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2
xcxd, 0]

Rule 5375
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Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*x72), x], x] + Dist[1/2, Int[E"(-a - b*x - c*xx"2), x], x] /; Fr
eeQ[{a, b, c}, xI]

Rule 2234

Int[(F_)~((a_.) + (b_)*(x_) + (c_.)*x(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4xc)), Int[F~((b + 2%cxx)"2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2205

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F a*Sqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Logl[F]), 211)/(2*d*Rt[-(bxLogl[F]), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2204

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F a*Sqr
t[Pi]l*Erfi[(c + d*x)*Rt[bxLogl[F], 2]11)/(2*d*Rt[b*Log[F], 2]1), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rubi steps

fxsinhz (a + bx — cxz) (—— + —xcosh (Za + 2bx — 2cx )) dx
2 1
= —XZ 5 fxcosh (2a + 2bx — 2cx2) dx
x2 sinh (2{1 + 2bx — 2cx ) b f cosh (2{1 + 2bx - 2cx2) dx
T4 8¢ 4c
xz sinh (261 + 2bx — 2cx ) b f62a+2bx—2cx2 dx b fe—Za—be+2cx2 dx
= + +
4 8c 8c 8c
20 2h+4cx 2a+_ (2b— 4cr)2
x2 sinh (Zzz +2bx — 2cx2) ( ZC) e * ( ) f €
= _ + +
4 8c 8c 8c
2u+ﬁ b—2cx —2a— ©? b—2cx
2 beE [e f(‘/_\/_) be” \/76 ﬁ(\/—\/—) sinh (2a + 2bx - 2cx?)
T4 16c3/2 16c3/2 8c

Mathematica [A] time = 0.380352, size = 159, normalized size = 1.17

\/2_7'(bE f(\/_\/_) (sinh (Za + Z ) + cosh (2a + )) \/2_7'ch ﬁ(\/_\/_) (cosh (211 + Z—i) —sinh (Za + Z—i)) —4\/E (sinh(

32312
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Antiderivative was successfully verified.

[In] Integrate[x*Sinh[a + b*x - c*xx~2]72,x]

[Out] (b*Sqrt[2*Pi]*Erfi[(-b + 2xc*x)/(Sqrt[2]*Sqrt[c])]*(Cosh[2*a + b~2/(2%c)] -
Sinh[2*a + b~2/(2%c)]) + b*Sqrt[2*Pi]*Erf[(-b + 2xc*x)/(Sqrt[2]*Sqrt[c])]*

(Cosh[2*a + b™2/(2%c)] + Sinh[2%a + b72/(2%c)]) - 4xSqrtlc]*(2*c*x"2 + Sinh

[2x(a + x*x(b - c*x))]))/(32%xc™(3/2))

Maple [A] time = 0.049, size = 137, normalized size = 1.

—2cx2+2bx+2a 4 ac+b
! ) ! _ 8 b\/_\/i Erf \/— \/Ex + —
V=2c) V=2¢ 16¢ 32

+
4 16¢ 16

2 2cx2-2bx-2a b 4 ac+b2
e \/_ Erf (\/ -2cx+b

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*sinh(-c*x~2+b*x+a)~2,x)

[Out] -1/4%x"2+1/16/c*xexp(2xc*x~2-2%b*x-2%a)+1/16%b/c*xPi~(1/2) *exp (-1/2% (4*a*xc+b™
2)/c)/(=2%c)~(1/2) *erf ((-2xc) ~(1/2) *x+b/ (-2xc) ~(1/2))-1/16/c*xexp (-2*c*x~2+2
*xbxx+2%a)-1/32%b/c” (3/2) %P1~ (1/2) *exp (1/2* (4xa*xc+b™2) /c)*2~(1/2) xerf (-27(1/
2)*xc”™(1/2) *x+1/2%b*27(1/2) /¢~ (1/2))

Maxima [A] time = 1.34496, size = 292, normalized size = 2.15

N b)b[er({\/— | B ] ] ( <2C’2‘j’>2] (2u+ bz) ﬁ(2cx-b)b[er{\/;/_@ _1 \/_[(h;;b)z] |
\/— - V2ce : o 2 \/E — + 2¢ — §
1 (2cx 1? Qe b 2 ()2 _(2cxc—b) o3
2
-~ x%+ +
4 32+/-c 324/

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sinh(-c*x~2+b*x+a)”2,x, algorithm="maxima")

[Out] -1/4%x"2 + 1/32*sqrt(2)*(sqrt(pi)*(2*c*x - b)*bx(erf (sqrt(1/2)*sqrt ((2*c*x
- b)72/c)) - 1)/(sqrt((2*c*x - b)~2/c)*(-c)~(3/2)) - sqrt(2)*c*xe”(-1/2*(2xc
*x - b)"2/c)/(-c)"(3/2))*e”~(2%¥a + 1/2x¥b~2/c)/sqrt(-c) + 1/32*sqrt(2)*(sqrt(
pi)*(2xcxx - b)*b*(erf (sqrt(1/2)*sqrt(-(2*cxx - b)~2/c)) - 1)/(sqrt(-(2*c*x
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- b)"2/c)*c”(3/2)) + sqrt(2)*e”(1/2x(2*xc*x - b)~2/c)/sqrt(c))*e”(-2xa - 1/
2%¥b~2/c)/sqrt(c)

Fricas [B] time = 2.16893, size = 1635, normalized size = 12.02

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sinh(-c*x~2+b*x+a)”2,x, algorithm="fricas")

[Out] -1/32*%(8*c™2*xx"2*cosh(c*x™2 - b*x - a)”2 - 2*cxcosh(c*x™2 - b*x - a)”™4 - 8%
cxcosh(c*x™2 - b*x - a)*sinh(c*x™2 - b*x - a)~3 - 2*c*sinh(c*x™2 - b*x - a)
~4 + sqrt(2)*sqrt(pi)*(b*cosh(c*x™2 - b*x - a)~2*cosh(1/2%(b"2 + 4*axc)/c)
- bxcosh(c*x™2 - b*x - a) 2xsinh(1/2%(b"2 + 4x*axc)/c) + (b*xcosh(1/2*%(b"2 +
4dxaxc)/c) — b*sinh(1/2%(b"2 + 4*a*xc)/c))*sinh(c*x™2 - b*x - a)”2 + 2x(b*cos
h(c*x™2 - b*x - a)*cosh(1/2*(b"2 + 4*axc)/c) - b*cosh(c*x™2 - b*x — a)*sinh
(1/2%(b~2 + 4x*axc)/c))*sinh(c*x"2 - b*x - a))x*sqrt(-c)*erf(1/2*xsqrt(2)*(2x*c
*x — b)*sqrt(-c)/c) - sqrt(2)*sqrt(pi)*(b*cosh(c*x™2 - bxx - a) 2*cosh(1/2x
(b~2 + 4x*axc)/c) + bxcosh(c*x"2 - b*x - a) 2*sinh(1/2*(b"2 + 4xaxc)/c) + (b
*cosh(1/2%(b"2 + 4*xaxc)/c) + b*sinh(1/2%(b"2 + 4*a*xc)/c))*sinh(c*x™2 - b*x
- a)”2 + 2*%(b*cosh(c*x™2 - b*x - a)*cosh(1/2x(b"2 + 4*a*xc)/c) + b*cosh(c*x”
2 - b*x - a)*sinh(1/2*%(b”"2 + 4*ax*c)/c))*sinh(c*xx”2 - b*x - a))*sqrt(c)x*erf(
1/2xsqrt (2) * (2xc*x - b)/sqrt(c)) + 4*(2xc™2xx"2 - 3*c*xcosh(c*x™2 - b*x - a)
“2)*sinh(c*x™2 - b*x — a)”2 + 8%(2%c”2*x"2*cosh(c*x”2 - bxx - a) - c*cosh(c
*x72 - b*x - a)”3)*sinh(c*x”2 - b*x - a) + 2*c)/(c"2*cosh(c*x”2 - b*x - a)~
2 + 2%c”2*cosh(c*x™2 — b*x - a)*sinh(c*x™2 - b*x - a) + ¢ 2xsinh(c*x™2 - b*
X - a)”2)

Sympy [F] time = 0., size = 0, normalized size = 0.

fxs.inh2 (a +bx — cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sinh(-c*x**2+b*x+a)**2,x)

[Out] Integral(x*sinh(a + bxx — c*x**2)*%*2, X)
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Giac [A] time = 1.69118, size = 194, normalized size = 1.43

b2 +4ac
2c

Vayrbert(-3 Vaye(2 x—é))e( Vayberf(-3 Vav=[2 X‘Z))e( ) _ p pl2e®-2bx-2a)
\/—_C

Lo Ve _
4 32¢ 32¢

+2 e(—2 cx2+2 bx+2 a)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sinh(-c*x~2+b*x+a)”2,x, algorithm="giac")

[Out] -1/4%x"2 - 1/32x(sqrt(2)*sqrt(pi)*b*xerf (-1/2xsqrt(2)*sqrt(c)*(2*x - b/c))*e
“(1/2% (b2 + 4xaxc)/c)/sqrt(c) + 2*%e” (-2*c*x”2 + 2*b*x + 2¥a))/c - 1/32*(sq
rt(2)*sqrt (pi)*b*xerf (-1/2*%sqrt (2) *sqrt (-c) *(2*x - b/c))*e”(-1/2x(b~2 + 4xax
c)/c)/sqrt(-c) - 2%e”(2xc*xx"2 - 2%b*xx - 2%a))/c
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3.22 f sinh? (a + bx — cxz) dx

Optimal. Leaf size=110

b2 b2
T 20+— b—2cx T —20—— b—-2cx
\/;e 2 Erf(\/E\/E) Ee 2 Erﬁ(\/—Z_\/E) B E

8 8c 2

[Out] -x/2 - (E"(2*%a + b~2/(2%c))*Sqrt [Pi/2]*Erf [(b - 2*c*x)/(Sqrt[2]*Sqrtlcl)])/
(8xSqgrtc]) - (E~(-2*%a - b~2/(2%c))*Sqrt[Pi/2]*Erfi[(b - 2*c*x)/(Sqrt[2]*Sq
rt[c])]1)/(8*Sqrtlcl)

Rubi [A] time = 0.0617082, antiderivative size = 110, normalized size of antiderivative =
1., number of steps used = 7, number of rules used = 5, integrand size = 14, number of rules _

0.357, Rules used = {5376, 5375, 2234, 2205, 2204}

b2 b2
T 20+— b-2cx T —20—— b—2cx
() (e () x

integrand size

8+/c 8+/c 2

Antiderivative was successfully verified.

[In] Int[Sinh[a + b*x - c*x"2]72,x]

[Out] -x/2 - (E"(2*%a + b~2/(2%c))*Sqrt [Pi/2]*Erf [(b - 2*c*x)/(Sqrt[2]*Sqrtlcl)])/
(8xSqgrt[c]) - (E~(-2*%a - b~2/(2%c))*Sqrt[Pi/2]*Erfi[(b - 2*c*x)/(Sqrt[2]*Sq
rt[c])]1)/(8*Sqrtlcl)

Rule 5376

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]"(n_), x_Symbol] :> Int[ExpandTr
igReduce[Sinh[a + b*x + c*x”2]7n, x], x] /; FreeQ[{a, b, c}, x] && IGtQ[n,
1]

Rule 5375

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*xx~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*xx~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 2234
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Int[(F_)"((a_.) + (b_)*(x_) + (c_.)*x(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4xc)), Int[F~((b + 2%cxx)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2205

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~a*xSqr
t[Pi]*Erf [(c + d*x)*Rt[-(b*Logl[F]), 2]11)/(2*d*Rt[-(b*Logl[Fl), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 2204
Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F a*Sqr

t[Pi]*Erfi[(c + d*x)*Rt[b*Logl[F], 21]1)/(2*d*Rt[b*Logl[F], 21), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

Rubi steps

fs.inh2 (a + bx — cxz) dx = f (—% + % cosh (Za + 2bx — 2cx2)) dx

x 1
=—=+— | cosh (2a + 2bx — 2cx2) dx
2 2
— _f + 1 62a+2bx—2cx2 dx + 1 f e—2a—2bx+2cx2 dx
2 4 4
1 ., P (~2b+4cx)? 1 »? _ (@b-4cx)?
=Xty fe s dx+ -z fe s dx
2 4 4
211+ﬁ 1 b—2cx —2a—ﬁ 1 b-2cx
2c — 2c —
e \ﬁerf(vi\ﬁ) ¢ \ﬁerﬁ(v&ﬁ)
2 8+/c 8+/c

Mathematica [A] time = 0.137897, size = 144, normalized size = 1.31

\/EErf(fg\_/lE’) (sinh (211 + i—i) + cosh (Za + z—i)) + +/rErfi (f/cg:/lc_’) (cosh (2a + Z—i) — sinh (Za + Z—i)) — 4+/2+Jex
8V2+/c

Antiderivative was successfully verified.

[In] Integrate[Sinh[a + b*x - c*x~2]72,x]

[Out] (-4*Sqrt[2]*Sqrtlcl*x + Sqrt[Pil*Erfil[(-b + 2*c*x)/(Sqrt[2]*Sqrt[c])]*(Cosh
[2%xa + b72/(2*%c)] - Sinh[2%a + b~2/(2xc)]) + Sqrt[Pil*Erf[(-b + 2*cx*x)/(Sqr
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t[2]*Sqrt[c])]1*(Cosh[2*a + b~2/(2xc)] + Sinh[2*a + b~2/(2xc)]))/(8*Sqrt[2]*
Sqrt[cl)

Maple [A] time = 0.043, size = 90, normalized size = 0.8

_dact? 1 1 2 4actt? W2 1)1
Iy ﬁe 2¢ Erf(\/—Zcx+b ) - ﬁ\/—e 2c Erf|-v2vex + i— —
2 8 vV=-2c/ V-2c 16 2 \/E \/E

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sinh(-c*x~2+b*x+a)”~2,x)

[Out] -1/2*x+1/8%Pi~(1/2)*exp(-1/2*%(4xa*xc+b~2)/c)/(-2xc)~(1/2)*erf ((-2*xc)~(1/2)*x
+b/ (-2%c)~(1/2))-1/16%Pi~ (1/2) *exp (1/2* (4*a*xc+b~2) /c)*27(1/2) /c~(1/2) *erf (-
27 (1/2)*c™ (1/2) *x+1/2%b*27(1/2) /¢~ (1/2))

Maxima [A] time = 1.69214, size = 130, normalized size = 1.18

bz
2a+—

\/E\/Eerf(\/zx/z - ZL\ZZ) e( zc) N \/E\/ﬁerf(\/ix/—_cx+ ZL\/z_ic)e(‘Z”‘é) ~ lx

16 v2 16 v< 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(-c*x"2+b*x+a)”2,x, algorithm="maxima")
g g

[Out] 1/16*sqrt(2)*sqrt(pi)*erf(sqrt(2)*sqrt(c)*x - 1/2*sqrt(2)*b/sqrt(c))*e”(2*a
+ 1/2%b72/c)/sqrt(c) + 1/16%sqrt(2)*sqrt(pi)*erf(sqrt(2)*sqrt(-c)*x + 1/2%
sqrt(2)*b/sqrt(-c))*e”~(-2*a - 1/2xb~2/c)/sqrt(-c) - 1/2*x

Fricas [A] time = 2.11357, size = 352, normalized size = 3.2

\/Eﬁx/rc(cosh (bzgi ac) —sinh (—bzi ac)) erf (—\E(Z C;h)\/__c) - \/Eﬁx/z(cosh (bzi ac) + sinh (bZZi ac)) erf ( \/5(22\7;_}3)

16¢

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sinh(-c*x"2+b*x+a)”~2,x, algorithm="fricas")

[Out] -1/16%(sqrt(2)*sqrt(pi)*sqrt(-c)*(cosh(1/2%(b"2 + 4xa*xc)/c) - sinh(1/2%(b"2
+ 4xaxc)/c))xerf (1/2*sqrt(2)*(2xc*x - b)*sqrt(-c)/c) - sqrt(2)*sqrt(pi)*sq
rt(c)*(cosh(1/2%(b"2 + 4xaxc)/c) + sinh(1/2%(b~2 + 4x*axc)/c))*erf (1/2*sqrt(
2)*(2*c*x - b)/sqrt(c)) + 8*cx*x)/c

Sympy [F] time = 0., size = 0, normalized size = 0.
f sinh? (a +bx - cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(-c*x**x2+b*x+a)**2,x)

[Out] Integral(sinh(a + b*x — ckxX**2)**2, x)

Giac [A] time = 1.34956, size = 130, normalized size = 1.18

Vovmert(bvivelee- )d T aymant(vayoe )l )
) 16 ) 16 V¢

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(-c*x"2+b*x+a)”~2,x, algorithm="giac")

[Out] -1/16%sqrt(2)*sqrt(pi)*erf(-1/2xsqrt(2)*sqrt(c)*(2*%x - b/c))*e”(1/2x(b~2 +
4xaxc)/c)/sqrt(c) - 1/16*sqrt(2)*sqrt(pi)*erf(-1/2xsqrt(2)*sqrt(-c)*(2*xx -
b/c))*e” (-1/2x(b"2 + 4xaxc)/c)/sqrt(-c) - 1/2xx
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sinh? (a+bx—cx2)

X

dx

323

Optimal. Leaf size=32

1 cosh (2a + 2bx — 2cx? 1
EUnintegrable( ( ), x| - ng(x)

X

[Out] -Loglx]/2 + Unintegrable[Cosh[2*a + 2xb*x - 2%c*xx"2]/x, x]/2

Rubi [A] time = 0.0314772, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, — :
integrand size

Rules used = {}

dx

X

f sinh? (a + bx — cxz)
Verification is Not applicable to the result.
[In] Int[Sinh[a + b*x - c*x"2]"2/x,x]

[Out] -Logl[x]/2 + Defer[Int] [Cosh[2*a + 2%b*x - 2%c*x72]/x, x]/2

Rubi steps

sinh? (a +bx — cxz) 1  cosh (Za + 2bx — 2sz)
f dx = f -——+ dx
X 2x 2x

1 cosh (2a + 2bx — 2cx?
w0 1 ( ) i
2 2 X

Mathematica [A] time = 62.4844, size = 0, normalized size = 0.

dx

sinh? (a +bx - cxz)
[

Verification is Not applicable to the result.

[In] Integrate[Sinh[a + b*x - c*x72]72/x,x]
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[Out] Integrate[Sinh[a + b*x - c*x72]72/x, x]

Maple [A] time = 0.056, size = 0, normalized size = 0.

dx

f (sinh (—cx2 +bx + u))2

x
Verification of antiderivative is not currently implemented for this CAS.

[In] int(sinh(-c*xx~2+b*x+a) 2/x,x)

[Out] int(sinh(-c*x~2+b*x+a)~2/x,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

2cx2-2bx-2a —2cx2+2bx+2a
1 e 1 e 1
—f—dx+— ——dx - = log(x)
4 X 4 X 2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(-c*x~2+b*x+a)”~2/x,x, algorithm="maxima"

[Out] 1/4*integrate(e”(2xc*x~2 - 2xbxx - 2*a)/x, x) + 1/4xintegrate(e”(-2xcxx"2 +
2xb*x + 2%a)/x, x) - 1/2xlog(x)

Fricas [A] time = 0., size = 0, normalized size = 0.

sinh (cx2 —bx - a)z

X

integral ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(-c*x~2+b*x+a) 2/x,x, algorithm="fricas")

[Out] integral(sinh(c*x"2 - b*x - a)~2/x, x)
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Sympy [A] time = 0., size = 0, normalized size = 0.

X

. 12 2
fsmh (a-;bx cx)d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(-c*x**2+b*x+a)**2/x,%)

[Out] Integral(sinh(a + b¥x - ckx**2)**2/x, x)

Giac [A] time = 0., size = 0, normalized size = 0.

f sinh (—cx2 +bx + a)2 ;
X

x
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(-c*x~2+b*x+a)” 2/x,x, algorithm="giac")
g g g

[Out] integrate(sinh(-c*x72 + b*x + a)~2/x, x)
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3.24 fxz sinh? G +x + x2) dx

Optimal. Leaf size=68

1 2x+1 31 1 1 1
— EErf el —x—+—xsinh 202 +2x + = | — —sinh [2x2 + 2x + =
V2 2 2

16y 2 6 8 16
[Out] -x73/6 + (Sqrt[Pi/2]*Erf[(1 + 2xx)/Sqrt[2]])/16 - Sinh[1/2 + 2*x + 2*xx72]/1
6 + (x*x3inh[1/2 + 2%x + 2%x72])/8

Rubi [A] time = 0.0959689, antiderivative size = 68, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 14, number of rules used = 8, integrand size = 15, e

integrand size
0.533, Rules used = {5394, 5387, 5374, 2234, 2204, 2205, 5383, 5375}

1 2x +1 3
1 nErf X+ X
l6 ¥ 2

1, 1N 1. (., 1

——— |- — + sxsinh [2x° + 2x + - | = —sinh [2x° + 2x + =

\2 6 8 2] 16 2
Antiderivative was successfully verified.

[In] Int[x"2*Sinh[1/4 + x + x72]72,x]

[Out] -x73/6 + (Sqrt[Pi/2]*Erf[(1 + 2%x)/Sqrt[2]])/16 - Sinh[1/2 + 2*x + 2*x~2]/1
6 + (x*x3inh[1/2 + 2%x + 2%x72])/8

Rule 5394

Int[((d_.) + (e_.)*(x_))"(m_.)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]1"(n_)
, x_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Sinh[a + b*x + c*x"2]"n, x
1, x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]

Rule 5387

Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"21*((d_.) + (e_.)*x(x_))"(m_), x_Sy
mbol] :> Simp[(ex(d + e*xx)~(m - 1)*Sinh[a + bxx + c*x72])/(2*c), x] + (-Dis
t{(e”2x(m - 1))/(2%c), Int[(d + exx)"(m - 2)*Sinh[a + b*x + c*x"2], x], x]

- Dist[(b*e - 2*c*d)/(2*c), Int[(d + exx)"(m - 1)*Cosh[a + b*x + c*x~2], x]
, x1) /; FreeQ[{a, b, c, d, e}, x] && GtQ[m, 1] && NeQ[b*e - 2*cx*d, O]

Rule 5374

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*x72), x], x] - Dist[1/2, Int[E"(-a - b*x - c*xx"2), x], x] /; Fr
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eeQ[{a, b, c}, x]

Rule 2234

Int[(F)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4%c)), Int[F~((b + 2%c*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2204

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr
t[Pi]*Erfi[(c + d*x)#*Rt[b*Logl[F], 21]1)/(2*d*Rt[b*Log[F], 21), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

Rule 2205

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Logl[F]), 2]1]1)/(2*d*Rt[-(b*Logl[F]), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 5383

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_)), x_Symbol]

:> Simp[(exSinh[a + b*x + c*x72])/(2*c), x] - Dist[(b*e - 2%c*d)/(2xc), In
t[Cosh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2
xcxd, 0]

Rule 5375

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*xx~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*xx~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rubi steps
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2 . 2 1 2 x2 1 2 1 2
fx sinh“| = +x +x dx:f——+—x cosh| =+ 2x +2x*|| dx
4 2 2 2

= _x6_3 +%fxzcosh(% +2x+2x2) dx

= _x6_3 + %xsinh(% +2x+2x2) - é fsinh(% +2x+2x2) dx — jifxcosh(% +2x +
= —%3 - 11—6sinh (% +2x + 2x2) + %x sinh (% +2x + 2x2) + 11—6fe_%_2x_2x2 dx — 11_6f
= _x6_3 - 11—6sinh (% +2x + 2x2) + %x sinh (% +2x + 2x2) + 11—6fe_%(_2_4x)2 dx — 11_6 f

x3+1 T2 1\/Eﬁ1+2x L A TSP
=—-—+ ——,|zer — ==,/ zer ——sinh|=- +2x+2x =Xsin
6 32V2 V2 ) 32V2 V2 ) 16 2 8

x3+1 7-(f“rzx 1'h1+2+22+1 'h1+2+22
=-_ 4+ [=er — —sinh (= +2x + 2x —xsinh [ = + 2x + 2x
6 16V2 V2 ] 16 2 8 2

Mathematica [A] time = 0.206504, size = 99, normalized size = 1.46

3\/2671Erf(23;) —16+/ex® + 6ex sinh(2x(x + 1)) + 6x sinh(2x(x + 1)) — 3e sinh(2x(x + 1)) — 3 sinh(2x(x + 1)) + 3(e -
96+/e

Antiderivative was successfully verified.

[In] Integrate[x~2*Sinh[1/4 + x + x72]72,x]

[Out] (-16xSqrt[E]*x~3 + 3*(-1 + E)*(-1 + 2%x)*Cosh[2*x*(1 + x)] + 3xSqrt[2*E*Pi]
*Erf [(1 + 2%x)/Sqrt[2]] - 3*%Sinh[2*x*x(1 + x)] - 3*ExSinh[2*x*x(1 + x)] + 6%x
*Sinh [2%x* (1 + x)] + 6*Exx*Sinh[2xx*(1 + x)])/(96%Sqrt[E])

Maple [A] time = 0.059, size = 77, normalized size = 1.1

2

2 2 (+22° 1 (2%
‘@/—Erf[«/iﬁg] oo S

»¥ o x _a2v? 1 _a+2v?
———-—e 2 +—e 2 +
6 16 32

+1—6€ —3—26

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x"2*sinh(1/4+x+x72)72,x%)
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[Out] -1/6%x"3-1/16*x*exp(-1/2%(1+2%x)"2)+1/32%exp(-1/2% (1+2%x) "2)+1/32*%Pi~ (1/2)*
27 (1/2)xerf (27 (1/2) *x+1/2%27 (1/2) ) +1/16*x*exp (1/2* (1+2%x) "2)-1/32*exp (1/2%(
1+2xx) ~2)

Maxima [C] time = 1.77605, size = 153, normalized size = 2.25

2i(2x +1)°T (g > @x+ 1)2) i\m2x+ 1)(erf(\g\/(2x + 1)2) - 1)

1 1
1 X+ — (2xeE - ei)e(2x2+2x) —~ lz\/z - 3 + i

((2x+1)2)E \/(2x+1)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*sinh(1/4+x+x72)72,x, algorithm="maxima"

[Out] -1/6%x"3 + 1/32x(2xx*e”(1/2) - e~ (1/2))*e”(2*xx"2 + 2*x) - 1/64*Ixsqrt(2)*(-
2xIx(2%x + 1)73*gamma(3/2, 1/2x(2xx + 1)72)/((2*x + 1)72)7(3/2) + I*sqrt(pi

)k (2*xx + 1)*(erf(sqrt(1/2)*sqrt((2*x + 1)72)) - 1)/sqrt((2*x + 1)72) + 2%Ix
sqrt(2)*xe~(-1/2*%(2*x + 1)72))

Fricas [B] time = 2.0434, size = 860, normalized size = 12.65

2 4 3
16x3cosh(x2+x+i) —3(2x—1)cosh(x2+x+i) —12(2x—1)cosh(x2+x+i)sinh(x2+x+i) -32x-1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*sinh(1/4+x+x72)72,x, algorithm="fricas")

[Out] -1/96%(16*x"3*cosh(x”2 + x + 1/4)72 - 3*(2*x - 1)*cosh(x"2 + x + 1/4)74 - 1
2x(2*xx - 1)*cosh(x”2 + x + 1/4)*sinh(x"2 + x + 1/4)73 - 3*%(2*xx - 1)*sinh(x~
2+ x + 1/4)74 + 2%x(8*xx"3 - 9% (2*x - 1)*cosh(x™2 + x + 1/4)72)*sinh(x"2 + x
+ 1/4)72 + 4% (8xx"3*cosh(x™2 + x + 1/4) - 3*(2*x - 1)*cosh(x™2 + x + 1/4)"
3)*sinh(x7"2 + x + 1/4) - 3*sqrt(pi)*(sqrt(2)*cosh(x"2 + x + 1/4) 2xerf (1/2x
sqrt(2)*x(2xx + 1)) + 2*sqrt(2)*cosh(x™2 + x + 1/4)*erf (1/2*sqrt(2)*x(2xx + 1
))*sinh(x”2 + x + 1/4) + sqrt(2)*erf(1/2*sqrt(2)*(2*x + 1))*sinh(x"2 + x +
1/4)"2) + 6%x - 3)/(cosh(x"2 + x + 1/4)"2 + 2%cosh(x™2 + x + 1/4)*sinh(x"2
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+ x + 1/4) + sinh(x"2 + x + 1/4)72)

Sympy [F] time = 0., size = 0, normalized size = 0.

1
fxz sinh? (x2 +x+ Z) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x**2*sinh(1/4+x+x*%2)**2,x)

[Out] Integral(x**2*sinh(x**2 + x + 1/4)**2, x)

Giac [A] time = 1.326006, size = 82, normalized size = 1.21

1 1 1 1 (zx2+zx+l) 1 (_zxz_zx_l)
_ a3, - i _ 2) _ _ 2
g + 5 V2vr erf(2 V22 x + 1)) + 5 (2x-1)e ™ 2x-1)e

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x~2*sinh(1/4+x+x72)72,x, algorithm="giac")

[Out] -1/6%x"3 + 1/32*sqrt(2)*sqrt(pi)*erf(1/2*sqrt(2)*(2xx + 1)) + 1/32%(2*x - 1
Y*ke”(2%x72 + 2%x + 1/2) - 1/32%(2xx - 1)*e”(-2%x72 - 2%x - 1/2)
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. 1
3.25 [ xsinh? (Z +x + xz) dx
Optimal. Leaf size=75

1 |«

2x+1 1 [n 2x+1) x% 1 1
e ~ = TEdf X Ceinh (2@ 4204 -
5 Zr(\/z) 16\/;r(\/§) 4+881n(x+x+2)

[Out] -x"2/4 - (Sqrt[Pi/2]*Erf[(1 + 2%x)/Sqrt[2]11)/16 - (Sqrt[Pi/2]1+Erfi[(1 + 2%x
)/Sqrt[211)/16 + Sinh[1/2 + 2%x + 2*%x"21/8

Rubi [A] time = 0.0534921, antiderivative size = 75, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 6, integrand size = 13, e o e

0.462, Rules used = {56394, 5383, 5375, 2234, 2204, 2205}

integrand size

1 nEf2x+1 _l T - 2x +1
16y 2

x2+1 inh (2x% + 2 +1
—— ZEff | ——— ——— |- — + —sinh|2x X+ =
16V 2 2 V2 ) 478 2

Antiderivative was successfully verified.

[In] Int[x*Sinh[1/4 + x + x~2]72,x]

[Out] -x"2/4 - (Sqrt[Pi/2]*Erf[(1 + 2*x)/Sqrt[2]1]1)/16 - (Sqrt[Pi/2]*Erfi[(1 + 2xx
)/Sqrt[2]])/16 + Sinh[1/2 + 2xx + 2%x72]/8

Rule 5394

Int[((d_.) + (e_.)*(x_)) " (m_.)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*x(x_)"2]"(n.)
, Xx_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Sinh[a + b*x + c*x"2]"n, x
1, x]1 /; FreeQ[{a, b, ¢, d, e, m}, x] && IGtQ[n, 1]

Rule 5383

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_)), x_Symbol]

:> Simp[(e*Sinh[a + bxx + c*x72])/(2*c), x] - Dist[(b*e - 2%c*xd)/(2%c), In
t[Cosh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2
xcxd, 0]

Rule 5375

Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*x~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
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eeQ[{a, b, c}, x]

Rule 2234

Int[(F)~((a_.) + (b_.)*x(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4%c)), Int[F~((b + 2%c*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2204

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr
t[Pi]*Erfi[(c + dxx)#*Rt[b*Logl[F], 21]1)/(2*d*Rt[b*Logl[F], 21), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

Rule 2205

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr
t[Pi]*Erf [(c + d*x)*Rt[-(b*Logl[F]), 2]1]1)/(2*d*Rt[-(b*Logl[F]), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rubi steps
1 1 1

fxsinhz —+x+x2 dx:f _X  Zxcosh(= +2x+222)) dx
4 2 2 2

2 1 1
= _xz +§fxcosh(§ +2x+2x2) dx

2 1 1 1 1
:—XZ+§sinh(§+2x+2x2 -1 cosh(§+2x+2x2) dx

| 1 1 N 1 1
:—xz+§sinh(§+2x+2x2 -5 ¢? 2 szdx—gfefz”zxzdx

2 1 1 1 T 1 1
=—%+§sinh(§+2x+2x2 —gfe 502 4x)2dx—§f68(2+4x)2dx

@ 1 [x 12y 1 [r ey 1o (1
=-— - —, [zerf[—— | - —,/[zerfi| ——| + =sinh [ =

V2T ) eV Ty ) e T A

Mathematica [A] time = 0.199853, size = 88, normalized size = 1.17

2x+1 2x+1
—V2€nErf( 7 ) - \/ZenErﬁ( 7

) — 8+/ex? + 2(1 + e) sinh(2x(x + 1)) + 2(e — 1) cosh(2x(x + 1))

32+/e

Antiderivative was successfully verified.
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[In] Integrate[x*Sinh[1/4 + x + x72]72,x]

[Out] (-8*Sqrt[E]*x"2 + 2*%(-1 + E)*Cosh[2*x*(1 + x)] - Sqrt[2*ExPi]*Erf[(1 + 2*x)
/Sqrt[2]] - Sqrt[2*ExPi]*Erfi[(1 + 2xx)/Sqrt[2]] + 2%(1 + E)*Sinh[2*xx(1 +
x)1)/(32+Sqrt [E])

Maple [C] time = 0.051, size = 75, normalized size = 1.

4 16 16

21 2w P P 1 ax29® j
a e 2 - @;/_Erf[\/ix + g} +—e 2 + éﬁ\/iErf(i\/Ex + %\/E)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*sinh(1/4+x+x"2)72,x)

[Out] -1/4%x"2-1/16%exp(-1/2*%(1+2%x)~2)-1/32*%Pi~(1/2)*27(1/2) *erf (27 (1/2) *x+1/2%2
~(1/2))+1/16%exp (1/2% (1+2%x) ~2)+1/32xI*Pi~ (1/2) %27 (1/2) *erf (I*27 (1/2) *x+1/2

*Ix27(1/2))

Maxima [C] time = 1.7618, size = 163, normalized size = 2.17

) ) \/E(2x+1)(erf(\/§\/—(2x+1)2) —1) . 2l 4 iﬁ(2x+1)(erf(£,/(2x+1)2
PR AN vl )| Lyl
J-Qx+1) 2x+1)°

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sinh(1/4+x+x72)72,x, algorithm="maxima")

[Out] -1/4%x"2 - 1/32*%sqrt(2)*(sqrt(pi)*(2*x + 1)*(erf(sqrt(1/2)*sqrt(-(2xx + 1)~
2)) - 1)/sqrt(-(2*x + 1)72) - sqrt(2)*e~(1/2*%(2*x + 1)72)) - 1/32xI*sqrt(2)
*x(~Ixsqrt(pi)*(2*x + 1) x(erf(sqrt(1/2)*sqrt((2*xx + 1)72)) - 1)/sqrt((2*x +

1)72) - Ixsqrt(2)*e”(-1/2*%(2*x + 1)72))
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Fricas [A] time = 2.10601, size = 265, normalized size = 3.53

1 (8 x28(2x2+2x+%) + \/E(\/E erf(% V22 x + 1)) +V2erfi (% V22 x + 1)))6(2"2”“%) _ppl4nPraxsl) | 2)6(—2x2—2,

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sinh(1/4+x+x72)72,x, algorithm="fricas")

[Out] -1/32%(8*x"2*%e~ (2*x"2 + 2xx + 1/2) + sqrt(pi)*(sqrt(2)*erf (1/2*sqrt(2)*(2*x
+ 1)) + sqrt(2)*erfi(1/2*xsqrt(2)*(2*x + 1)))*e”(2%x72 + 2*xx + 1/2) - 2*xe”(
4%x72 + 4xx + 1) + 2)xe”(-2%x72 - 2%x - 1/2)

Sympy [F] time = 0., size = 0, normalized size = 0.
. 2 2 ]-
fxsmh x +x+Z dx
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(x*sinh(1/4+x+x**2)**2,x)

[Out] Integral(x*sinh(x**2 + x + 1/4)**2, x)

Giac [C] time = 1.3843, size = 95, normalized size = 1.27

1 1 1 1. 1, 1 (2a2e2043) 1 (-2-2x-})
a2 _ I _ _ 2) _ 2
R \/E\/nerf(z \/§(2x+1)) 321\/5\/71erf( 21\/5(2x+1)) + 16 ¢ T

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*sinh(1/4+x+x72)"2,x, algorithm="giac")

[Out] -1/4%x"2 - 1/32*%sqrt(2)*sqrt(pi)*erf(1/2*sqrt(2)*(2xx + 1)) - 1/32xIxsqrt(2
)*sqrt (pi)*erf (-1/2xI*sqrt(2)*(2xx + 1)) + 1/16*xe™(2*x"2 + 2*x + 1/2) - 1/1
6xe” (-2%xx"2 - 2*x - 1/2)
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3.26 fsin‘h2 (}1 + X+ xz) dx

Optimal. Leaf size=56

1 |n 2x+1 1 |n 2x+1 X
o))

[Out] -x/2 + (Sqrt[Pi/2]*Erf[(1 + 2*x)/Sqrt[2]]1)/8 + (Sqrt[Pi/2]*Erfil[(1 + 2xx)/S
qrt[2]1]1)/8

Rubi [A] time = 0.0334893, antiderivative size = 56, normalized size of antiderivative =
number of rules

1., number of steps used = 7, number of rules used = 5, integrand size = 11,
0.454, Rules used = {5376, 5375, 2234, 2204, 2205}

1 |n 2x+1 1 |n 2x+1 X
() e

Antiderivative was successfully verified.

integrand size

[In] Int[Sinh[1/4 + x + x~2]72,x]

[Out] -x/2 + (Sqrt[Pi/2]*Erf[(1 + 2*x)/Sqrt[2]1]1)/8 + (Sqrt[Pi/2]*Erfi[(1 + 2*x)/S
qrt[2]1]1)/8

Rule 5376

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]"(n_), x_Symbol] :> Int[ExpandTr
igReduce[Sinh[a + b*x + c*x72]°n, x], x] /; FreeQ[{a, b, c}, x] & IGtQ[n,
1]

Rule 5375

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*xx”2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*x~2), x], x] /; Fr
eeQ{a, b, c}, x]

Rule 2234

Int[(F)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4xc)), Int[F~((b + 2%c*x)”2/(4xc)), x], x] /; FreeQ[{F, a, b, c}, x]
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Rule 2204

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~a*Sqr
t[Pil*Erfi[(c + d*x)*Rt[b*Logl[F], 211)/(2*d*Rt[b*Logl[F], 21), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2205

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pil*Erf [(c + d*x)*Rt[-(b*LoglF]l), 211)/(2*d*Rt[-(bxLogl[Fl), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rubi steps

1
=22 [cosh (= +2x +2x2) dx
2 2
x 1 o 2x—2y2 f +2x+2x2
= —— 4+ — dx + 2 d
5 1 X 1 e

x+1\/? f1+2x +1\/? ﬁ1+2x
=——-+ -,/ z€r <4/ T€r
2 8\2 \2 8\ 2 V2

Mathematica [A] time = 0.0725557, size = 48, normalized size = 0.86

116 (@Erf(%) + \/Z_RErﬁ(%) - Sx)

Antiderivative was successfully verified.

[In] Integrate[Sinh[1/4 + x + x72]72,%]

[Out] (-8*x + Sqrt[2+Pil*Erf[(1 + 2xx)/Sqrt[2]] + Sqrt[2*Pi]l*Erfi[(1 + 2xx)/Sqrtl[
2]11)/16
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Maple [C] time = 0.036, size = 49, normalized size = 0.9

X
—= 4+
2

V2 V2| i . i
& Erf(ﬁx . 7) RN (@ . 5@)

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sinh(1/4+x+x"2)72,x)

[Out] -1/2%x+1/16*Pi~(1/2)*27(1/2)*erf (27 (1/2)*x+1/2*27(1/2))-1/16*I*Pi~(1/2)*2~(
1/2) xerf (I*x27(1/2) *x+1/2%I*x2~(1/2))

Maxima [C] time = 1.55073, size = 61, normalized size = 1.09
1 1 1, . 1, 1
—\/Ex/Eerf Vox + = V2] - —zx/ix/Eerf iVox + =iv2|- = x
16 2 16 2 2
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(sinh(1/4+x+x~2)72,x, algorithm="maxima"

[Out] 1/16%*sqrt(2)*sqrt(pi)*erf(sqrt(2)*x + 1/2*sqrt(2)) - 1/16xI*xsqrt(2)*sqrt(pi
)*kerf (Ixsqrt(2)*x + 1/2%Ixsqrt(2)) - 1/2*x

Fricas [A] time = 2.08, size = 132, normalized size = 2.36
1 1 (1 1
1 \/%(N/Eerf(i \/E(Zx + 1)) +V2erfi (E \/E(Zx + 1))) -3 X
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(sinh(1/4+x+x72)72,x, algorithm="fricas")

[Out] 1/16x*sqrt(pi)*(sqrt(2)*erf(1/2*sqrt(2)*(2xx + 1)) + sqrt(2)*erfi(1/2*sqrt(2
Yk (2%x + 1))) - 1/2%x
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Sympy [F] time = 0., size = 0, normalized size = 0.

1
fsinh2 (x2 +x+ 1) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(1/4+x+x**2)**2,x)

[Out] Integral(sinh(x**2 + x + 1/4)*%2, x)

Giac [C] time = 1.35562, size = 57, normalized size = 1.02
1 1 1. 1. 1
— \/E\/Eerf - \/5(2x+1) + —z\ﬁﬁerf —~i2Qx+1)]-Zx
16 2 16 2 2
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate(sinh(1/4+x+x~2)72,x, algorithm="giac")

[Out] 1/16%*sqrt(2)*sqrt(pi)*erf(1/2*sqrt(2)*(2%x + 1)) + 1/16%Ixsqrt(2)*sqrt(pi)*
erf (-1/2*%Ixsqrt(2)*(2*xx + 1)) - 1/2*x
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sinh2(1+x+x2)
d

4
327 X
X
Optimal. Leaf size=30
2 1
1 cosh (Zx +2x + —) 1
EUnintegrable " - x| = og;(x)

[Out] -Logl[x]/2 + Unintegrable[Cosh[1/2 + 2*x + 2%x72]/x, x]/2

Rubi [A] time = 0.0300877, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, — :
integrand size

*)

Rules used = {}

. 1
sinh? (Z +x+ xz)

f dx
x

Verification is Not applicable to the result.

[In] Int[Sinh[1/4 + x + x~2]72/x,x]

[Out] -Logl[x]/2 + Defer[Int] [Cosh[1/2 + 2*x + 2xx~2]/x, x]/2
Rubi steps

sinh? (411 +x+ xz) 1 cosh (% + 2x + 2x2)
f dx = f -— + dx
X 2x 2x

Hh(l 2
log(x) 1 fcosh (E +2x + 2x )
= — + = dx
2 2 X

Mathematica [A] time = 20.2823, size = 0, normalized size = 0.

) 1
sinh? (Z +x+ x2)

f dx
X
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Verification is Not applicable to the result.

[In] Integrate[Sinh[1/4 + x + x72]72/x%,x]

[Out] Integrate[Sinh[1/4 + x + x72]72/x, x]

Maple [A] time = 0.05, size = 0, normalized size = 0.

2
1 1
f— (sinh (— +x+ xz)) dx
X 4

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sinh(1/4+x+x"2)72/x%,x)

[Out] int(sinh(1/4+x+x"2)72/x,x)

Maxima [A] time = 0., size = 0, normalized size = 0.

2x +2x+ 2x 2x——

1
4f dx+—f dx—ilog(x)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(1/4+x+x72)72/x,x, algorithm="maxima"

[Out] 1/4xintegrate(e”™(2%x”2 + 2%x + 1/2)/x, x) + 1/4*xintegrate(e”™(-2%x"2 - 2*x -
1/2)/x, x) - 1/2*log(x)

Fricas [A] time = 0., size = 0, normalized size = 0.

2
sinh (x2 +x+ Z)

integral ,X

X

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate(sinh(1/4+x+x72)72/x,x, algorithm="fricas")

[Out] integral(sinh(x"2 + x + 1/4)72/x, x)

Sympy [A] time = 0., size = 0, normalized size = 0.

. 1
sinh? (xz +x+ Z)

f dx
x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(1/4+x+x**2)**2/x,%)

[Out] Integral(sinh(x**2 + x + 1/4)**2/x, x)

Giac [A] time = 0., size = 0, normalized size = 0.

4

J—m

Verification of antiderivative is not currently implemented for this CAS.

2
sinh (xz +x+ 1)
d

[In] integrate(sinh(1/4+x+x~2)72/x,x, algorithm="giac")

[Out] integrate(sinh(x"2 + x + 1/4)72/x, x)
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3.28 f (d + ex)? sinh (a + bx + cxz) dx

Optimal. Leaf size=261

2

bz bz b b2
v b+2 - b+2cx —— b+2cx _Z b+2
VR ot (22) S g e () e () yneFr ()

16¢5/2 " 16¢5/2 - 8¢3/2 - 8¢3/2

[Out] (ex(2xc*d - b*e)*Cosh[a + bxx + c*x72])/(4*c”2) + (e*x(d + exx)*Coshl[a + bxx
+ cxx72])/(2%c) - (e"24E"(-a + b~2/(4x*c))*Sqrt[Pi]*Erf[(b + 2*c*x)/(2%Sqrt
[c])1)/(8%c™(3/2)) - ((2%c*d - bxe) 2*E”~(-a + b~2/(4%c))*Sqrt [Pi]*Erf[(b +

2%cx*x) / (2%Sqrt [c])])/(16%c™(5/2)) - (e"2*E~(a - b~2/(4*c))*Sqrt [Pi]*Erfi[(b

+ 2%c*xx)/(2xSqrt[c])])/(8%c™(3/2)) + ((2%c*d - bxe) 2+xE~(a - b~2/(4*c))*Sq

rt [Pi]*Erfi[(b + 2*cx*x)/(2%Sqrt[c]l)])/(16%c~(5/2))

Rubi [A] time = 0.188114, antiderivative size = 261, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 12, number of rules used = 7, integrand size = 19, e .

integrand size
0.368, Rules used = {5386, 5375, 2234, 2204, 2205, 5382, 5374}

¥ p2 2 b2
- b+2 % b+2 - b+2cx = b+2
Vrew "(2cd - bePEx (222 i (2cd - bepErfi (222 | Vrees "Bxf (222 R #Exfi (2 {)

1652 16512 8312 8c32

Antiderivative was successfully verified.

[In] Int[(d + e*xx)"2*Sinh[a + b*x + c*x~2],x]

[Out] (ex(2xc*d - b*xe)*Coshl[a + b*x + c*x72])/(4*c”2) + (ex(d + exx)*Cosh[a + b*x
+ c*xx72])/(2*%c) - (e"2*E~(-a + b~2/(4*c))*Sqrt [Pi]*Erf[(b + 2*cx*x)/(2*Sqrt
[c1)1)/(8*c™(3/2)) - ((2*c*d - bxe) 2*xE~(-a + b~2/(4*c))*Sqrt [Pi]*Erf[(b +
2xc*x)/(2%Sqrt[c])])/(16%xc~(5/2)) - (e"2*E"(a - b~2/(4*c))*Sqrt[Pi]*Erfi[(b

+ 2%c*x)/(2%Sqrt[c]) 1)/ (8%c™(3/2)) + ((2%c*xd - b*xe) "2xE~(a - b72/(4*c))*3q

rt [Pi]*Erfi[(b + 2%cx*x)/(2%Sqrt[cl)])/(16%c~(5/2))

Rule 5386

Int[((d_.) + (e_.)*(x_))"(m_)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Sy
mbol] :> Simp[(ex(d + e*xx)"(m - 1)*Coshl[a + bxx + c*x72])/(2%c), x] + (-Dis
t[(e™2x(m - 1))/(2%c), Int[(d + exx)"(m - 2)*Cosh[a + b*x + cxx~2], x], x]
- Dist[(bxe - 2%c*xd)/(2*%c), Int[(d + exx)"(m - 1)*Sinh[a + b*x + c*x"2], x]
, x]1) /; FreeQ[{a, b, ¢, d, e}, x] & GtQ[m, 1] && NeQ[b*e - 2%cxd, 0]
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Rule 5375

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*¥x + c*x~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*xx~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 2234

Int[(F_)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4xc)), Int[F~((b + 2%c*x)~2/(4xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2204

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pil*Erfi[(c + d*x)*Rt[b*Logl[F], 211)/(2*d*Rt[b*Logl[F], 21), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2205

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Logl[F]), 211)/(2*d*Rt[-(bxLogl[Fl), 21), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 5382

Int[((d_.) + (e_.)*(x_))*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol]

:> Simp[(e*Cosh[a + bxx + c*x72])/(2*c), x] - Dist[(b*e - 2%c*d)/(2xc), In
t[Sinh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*xe - 2
*xcxd, 0]

Rule 5374

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*x72), x], x] - Dist[1/2, Int[E"(-a - b*x - c*xx"2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rubi steps
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f(d - h( ) 2) ; e(d+ex)cosh(a+bx+cx2) ¢? [ cosh (a+bx+cx2) dx  (-2cd +be) [(d +
+ex)?sinh (a + bx + cx?) dx = - -

2c 2c
e(2cd — be) cosh (a +bx + cxz) e(d + ex) cosh (a +bx + cxz) e[ gma-br-cx?,
- 4c2 - 2c - 4c

e(2cd — be) cosh (a + bx + cxz) e(d + ex) cosh (u + bx + cxz) (2cd — be)? f e
B 4¢2 " 2c ) 8c?

bz
e(2cd — be) cosh (a +bx + cxz) e(d + ex) cosh (a +bx + cxz) 2o 5 eer
- 4c2 " 2c - 8¢3/2

bz
e(2cd — be) cosh (a + bx + cxz) e(d + ex) cosh (a + bx + cxz) e?e”"" % \eer
B 4c? " 2c - 8c3/2

Mathematica [A] time = 0.573278, size = 194, normalized size = 0.74

\r (bze2 + 2ce(e — 2bd) + 4c2d2) Erf (b;z/;x) (sinh (a - g) — cosh (a -~ Z—i)) +4/n (bz 2 _ 2ce(2bd + e) + 4czd2) Erﬁ(
16c5/2

Antiderivative was successfully verified.

[In] Integrate[(d + e*xx)"2#Sinh[a + b*x + c*x72],x]

[Out] (4xSqrtlcl*ex(4*xcxd - b*xe + 2xcxexx)*Cosh[a + x*(b + c*xx)] + (4%c”2*%d"2 + b
T2%e72 + 2xckex(-2%bxd + e))*Sqrt[Pi]l*Erf[(b + 2*c*xx)/(2xSqrt[c])]*(-Coshla

- b72/(4*%c)] + Sinh[a - b72/(4*c)]) + (4*c™2%d"2 + b72%e”2 - 2kcxex(2xbxd

+ e))*Sqrt [Pi]*Erfi[(b + 2%c*x)/(2xSqrt[c])]*(Cosh[a - b~2/(4*c)] + Sinh[a

- b2/ (4%c)]))/(16%c™(5/2))

Maple [B] time = 0.049, size = 493, normalized size = 1.9

42 daci? b1\ 1 2ot -bx-a  2pa-cx?-bx-a 2,2 dac-t? b1\ 5 ¢
\/Ee 4 Erf \/Ex+—— _+exe _ere - e\/Ee 4c Frf \'/E;H___CZ_E\/E
4 2+/c) +Jc 4c 82 16 2+/c 8

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d) "2*sinh(c*x~2+b*x+a) ,x)
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[Out] -1/4%d"2*Pi~(1/2)*exp(-1/4*(4xaxc-b"2)/c)/c~(1/2)*erf (c™(1/2)*x+1/2*b/c”(1/
2))+1/4xe”2/c*xx*xexp (-cxx"2-b*x-a)-1/8%e"2%b/c"2%exp (-c*xx"2-b*x-a)-1/16*e™2x%
b~2/c”(56/2)*Pi~(1/2) *exp (-1/4* (d*axc-b~2) /c)*erf (c~(1/2) *x+1/2%b/c~(1/2))-1
/8%e”2/c”(3/2)*Pi~ (1/2) xexp(-1/4* (4*axc-b~2)/c)*erf (c~(1/2)*xx+1/2xb/c~(1/2)
)+1/2*%d*e/c*exp (-c*x~2-bxx-a)+1/4*d*exb/c~(3/2)*Pi~ (1/2) xexp (-1/4* (4*a*xc-b~
2)/c)*erf (c™(1/2)*x+1/2*%b/c™(1/2))-1/4*d"2xPi~ (1/2) *exp(1/4* (4*xa*xc-b~2) /c)/
()~ (1/2)xerf (-(-c)~(1/2) *x+1/2*xb/ (-c) "~ (1/2) ) +1/4*e”2/cxx*exp (cxx~2+b*x+a)
-1/8%e~2%b/c”2*xexp (c*xx~2+b*x+a)-1/16%e”2xb~2/c~2*Pi~ (1/2) xexp (1/4* (4*a*xc-b~
2)/c)/(-c)~(1/2)*erf (-(-c)~(1/2) *x+1/2*b/(-c) ~(1/2))+1/8*e~2/c*Pi~ (1/2) *exp
(1/4%(4*a*xc-b~2)/c)/(-c)~(1/2) *erf (-(-c) " (1/2) *x+1/2%b/(-c)~(1/2) ) +1/2*d*e/
cxexp (c*x™2+b*x+a) +1/4*d*exb/cxPi~ (1/2) *exp (1/4* (4d*xa*xc-b~2) /c)/(-c)~(1/2) *e
rf(-(-c)~(1/2)*x+1/2xb/(-c)~(1/2))

Maxima [B] time = 1.50796, size = 724, normalized size = 2.77

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 2*sinh(c*x~2+b*x+a),x, algorithm="maxima"

[Out] 1/4*sqrt(pi)*d~2*erf(sqrt(-c)*x - 1/2*%b/sqrt(-c))*e~(a - 1/4%b~2/c)/sqrt(-c
) - 1/4*sqrt(pi)*d~2*xerf (sqrt(c)*x + 1/2xb/sqrt(c))*e”(-a + 1/4%b"2/c)/sqrt
(c) - 1/4x(sqrt(pi)*(2*c*x + b)*b*x(erf (1/2*sqrt(-(2*c*x + b)~2/c)) - 1)/(sq
rt (- (2%c*xx + b)72/c)*c”(3/2)) - 2xe” (1/4x(2xc*x + b)~2/c)/sqrt(c))*d*exe”(a
- 1/4%b"2/c)/sqrt(c) + 1/16%(sqrt(pi)*(2xc*x + b)*b~2x(erf (1/2*sqrt (- (2*c*
X + b)72/c)) - 1)/(sqrt(-(2*c*x + b)~2/c)*c”(5/2)) - 4xb*xe” (1/4*%(2*c*x + b)
~2/c)/c”(3/2) - 4x(2xc*x + b) "3*kgamma(3/2, -1/4*%(2xc*x + b)~2/c)/((-(2*xc*x
+ b)72/c)"(3/2)*xc”(5/2)))*e"2%e” (a - 1/4*b~2/c)/sqrt(c) + 1/4x(sqrt(pi)*(2x
c*x + b)*bx(erf (1/2xsqrt((2*cxx + b)"2/c)) - 1)/(sqrt((2xc*x + b)~2/c)*(-c)
~(3/2)) + 2%cxe”(-1/4%(2%c*xx + b)~2/c)/(-c)~(3/2))*d*e*xe”(-a + 1/4%b"2/c)/s
qrt(-c) + 1/16*(sqrt(pi)*(2*c*x + b)*b~2x(erf (1/2*sqrt((2xc*x + b)~2/c)) -
1)/ (sqrt ((2%c*x + b)~2/c)*(-c)~(5/2)) + 4xbkcxe”(-1/4%(2*cxx + b)~2/c)/(-c)
~(5/2) - 4x(2xc*xx + b) " 3*gamma(3/2, 1/4%(2*c*x + b)~2/c)/(((2xc*x + b)~2/c)
~(3/2)*(-c)~(5/2)))*e"2xe" (-a + 1/4%b~2/c)/sqrt(-c)

Fricas [B] time = 2.12007, size = 1507, normalized size = 5.77

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((exx+d) "2*sinh(c*x~2+b*x+a),x, algorithm="fricas")

[Out] 1/16%(4*c™2*e”2*x + 8xc”~2*xd*e - 2xbkxck*e™2 + 2x(2%c™2%e”2xx + 4*c 2%d*e - b*
cxe”2)*cosh(c*x™2 + b*x + a)~2 - sqrt(pi)*((4xc™2xd"2 - 4xbkxcxd*e + (b~2 -
2%c)*e”2)*cosh(c*x™2 + bxx + a)*cosh(-1/4*x(b"2 - 4*xaxc)/c) + (4*c™2%d"2 - 4
xbxckxd*e + (b72 - 2*c)*e”2)*cosh(c*x”2 + b*x + a)*sinh(-1/4%(b"2 - 4x*a*c)/c
) + ((4%c™2%d"2 - 4xbkxckxd*e + (b~2 - 2*c)*e”2)*cosh(-1/4*x(b"2 - 4xaxc)/c) +
(4xc™2%d"2 - 4xb*cxd*e + (b™2 - 2%c)*e”2)*sinh(-1/4*(b"2 - 4*a*xc)/c))*sinh
(c*x72 + b*xx + a))*sqrt(-c)*erf(1/2+x(2*c*x + b)*sqrt(-c)/c) - sqrt(pi)*((4*
c"2*d"2 - 4xbxckd*e + (b"2 + 2%c)*e”2)*cosh(c*x”2 + b*x + a)*cosh(-1/4x(b"2
- 4xaxc)/c) - (4xc”2*d"2 - 4xbkxckxd*e + (b72 + 2*c)*xe”2)*cosh(cxx™2 + b*x +
a)*sinh(-1/4%(b~2 - 4xaxc)/c) + ((4*c™2xd”2 - 4xbxcxd*e + (D72 + 2%c)*e”2)
*cosh(-1/4*%(b”2 - 4*xaxc)/c) - (4*c™2+%d"2 - 4xbxckd*e + (b72 + 2*c)*e”2)*sin
h(-1/4%(b"2 - 4xaxc)/c))*sinh(c*x"2 + b*x + a))*sqrt(c)*erf(1/2*(2*c*x + b)
/sqrt(c)) + 4x(2xc™2xe”2*%x + 4xc”2*xdxe - bxcke~2)*cosh(cxx™2 + b*x + a)*sin
h(c*x™2 + bxx + a) + 2%(2*%c™2*%e”2*x + 4*xc™2xd*e - b*c*e”2)*sinh(c*x™2 + bxx
+ a)"2)/(c"3*cosh(c*x"2 + b*x + a) + c 3*sinh(c*x”™2 + b*x + a))

Sympy [F] time = 0., size = 0, normalized size = 0.

f (d + ex)* sinh (a +bx + cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((e*x+d)**2*xsinh (ckx**2+bkx+a),x)

[Out] Integral((d + exx)**2xsinh(a + b*x + c*x**2), x)

Giac [A] time = 1.32041, size = 522, normalized size = 2.

Y2 -4ac+dc
rd erf(—% \/E(2x+ ZC_J)) e(#;#) 2 erf(—% \/—_C(Zx N Z—:)) e(_bzﬁﬂc) \/Ebderf(—% ‘/E(Z\;c;é))e( 4 ) ol

4+c 4+— - 4c

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 2*sinh(c*x~2+b*x+a),x, algorithm="giac")
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[Out] 1/4*sqrt(pi)*d~2*erf(-1/2*sqrt(c)*(2*x + b/c))*e”(1/4%x(b~2 - 4x*axc)/c)/sqrt
(c) - 1/4xsqrt(pi)*d~2%erf (-1/2*sqrt(-c)*(2xx + b/c))*e”(-1/4%(b~2 - 4*axc)
/c)/sqrt(-c) - 1/4*(sqrt(pi)*bxd*erf (-1/2*sqrt(c)*(2*x + b/c))*e”(1/4x(b~2

- 4xaxc + 4*c)/c)/sqrt(c) - 2xd*e”(-c*x"2 - b*x - a + 1))/c + 1/4x(sqrt(pi)
xbxdxerf (-1/2xsqrt(-c)*(2*x + b/c))*e”(-1/4x(b"2 - 4xa*xc - 4*c)/c)/sqrt(-c)

+ 2%d*e”(c*x"2 + b*x + a + 1))/c + 1/16%(sqrt(pi)*(b~2 + 2x%c)*erf(-1/2*sqr
t(c)*(2*xx + b/c))*e”(1/4x(b~2 - 4xaxc + 8*c)/c)/sqrt(c) + 2x(c*x(2*x + b/c)

- 2xb)*e” (-c*x72 - b*x - a + 2))/c”2 - 1/16x(sqrt(pi)*(b~2 - 2x*c)*erf (-1/2%
sqrt(-c)*(2*xx + b/c))*e”(-1/4%(b~2 - 4*axc - 8xc)/c)/sqrt(-c) - 2*(c*x(2*x +

b/c) - 2xb)*e”(c*x"2 + b*x + a + 2))/c”2
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3.29 f(d + ex) sinh (a + bx + cxz) dx

Optimal. Leaf size=128

b2 b2
Ve (e - be)Brf (M2 ) Ve 2ed - bo)Brfi (2] cosh (a+ b + cx?)
- 8c3/2 * 8¢3/2 - 2c

[Out] (exCosh[a + b*x + c*x72])/(2%c) - ((2%c*d - b*e)*E~(-a + b~2/(4%*c))*Sqrt[Pi
I+Erf[(b + 2*xc*x)/(2%Sqrt[c])])/(8*c~(3/2)) + ((2*c*d - b*e)*E~(a - b~2/(4*
c))*Sqrt [Pi]*Erfi[(b + 2*c*x)/(2*Sqrt[cl)])/(8%c~(3/2))

Rubi [A] time = 0.0595606, antiderivative size = 128, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 5, integrand size = 17, L

integrand size
0.294, Rules used = {56382, 5374, 2234, 2204, 2205}

b2 b2
e (2cd - be)Erf(b;z/gx) Ve E (2cd - be)Exhi (l’;—jg") ecosh (a + by + c2?)
- 8c3/2 * 8¢3/2 * 2c

Antiderivative was successfully verified.

[In] Int[(d + e*x)*Sinh[a + b*x + c*xx"2],x]

[Out] (exCoshl[a + b*x + cxx"2])/(2%c) - ((2%cxd - b*e)*E~(-a + b~2/(4xc))*Sqrt [Pi
I*Erf [(b + 2xc*x)/(2%Sqrtlc])])/(8*c™(3/2)) + ((2*c*d - bxe)*E~(a - b~2/(4x%
c))*Sqrt [Pi]*Erfi[(b + 2xc*x)/(2*Sqrtlc]l)])/(8%xc~(3/2))

Rule 5382

Int[((d_.) + (e_.)*(x_))*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol]

:> Simp[(e*Cosh[a + bxx + c*x72])/(2*c), x] - Dist[(b*e - 2*c*d)/(2*c), In
t[Sinh[a + b*x + c*x"2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2
*xcxd, 0]

Rule 5374

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*x~2), x], x] - Dist[1/2, Int[E~(-a - b*x - c*xx~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 2234
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Int[(F_)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4%c)), Int[F~((b + 2%c*x)~2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2204

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~axSqr
t[Pi]l*Erfi[(c + d*x)#*Rt[b*Logl[F], 2]])/(2xd*Rt[bxLoglF], 2]1), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

Rule 2205
Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F a*Sqr

t[Pi]l*Erf [(c + d*x)*Rt[-(bxLogl[F]), 2]11)/(2*d*Rt[-(b*Log[Fl), 21), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rubi steps

e cosh (a + bx + cxz) (—2cd + be) [ sinh (a +bx + cxz) dx

f(d + ex) sinh (a +bx + cxz) dx =

2c 2c
ecosh (a +bx + cxz) (2cd - be) [ e be® gy (2¢d - be) ) errbrred® gy
- 2c - 4c * 4c

¥ ) (b+2cx)? —b—

b2 (
S T —a+— -
e cosh (a + bx + cxz) ((ZCd —be)e” % f e 4 dx ((ZCd —be)e 46) f e

= +
2c 4c 4c
- ﬁ b+2cx _f b+
e cosh (a +bx + cxz) (2cd - be)e™" ﬁerf( VG ) (2cd — be)e" % \[merfi (—2
= — ¢ —+
2c 8c32 832

Mathematica [A] time = 0.265757, size = 146, normalized size = 1.14

Vr(2cd - be)El'f(b;%) (sinh (a - Z—i) — cosh (a - Z—i)) + +/r(2cd — be)Erfi (%) (sinh (a - Z—i) + cosh (a - Z—C)) +4

863/2

Antiderivative was successfully verified.

[In] Integrate[(d + e*x)*Sinh[a + b*x + c*x72],x]

[Out] (4*Sqrt[c]*exCoshla + x*(b + c*x)] + (2%cxd - bxe)*Sqrt[Pi]*Erf[(b + 2*c*x)
/(2xSqrt[c])]*(-Cosh[a - b~2/(4*c)] + Sinh[a - b™2/(4*xc)]) + (2xc*d - b*e)*
Sqrt [Pi]l*Erfi[(b + 2xcx*x)/(2*Sqrtlc]l)]*(Coshla - b~2/(4*c)] + Sinh[a - b~2/
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(4%c)]1))/(8xc™(3/2))

Maple [B] time = 0.032, size = 211, normalized size = 1.7

1 ee—cxz—bx a bE\/— 4ac b2

2{)% ic

4 ac— b2 1 3 4ac-b?
——d\/_e Erf(\/_x+ b ) 5 _dr

Erf(\/zx+§$ c Z—Te 4c Erf(—\/—_cx+

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d)*sinh(c*x~2+b*x+a),x)

[Out] -1/4%d*Pi~(1/2)*exp(-1/4*(4*xaxc-b~2)/c)/c~(1/2)*erf(c™(1/2)*x+1/2%b/c”(1/2)
)+1/4xe/cxexp (-c*x~2-b*x-a)+1/8*%exb/c” (3/2) *Pi~ (1/2) *exp(-1/4* (4*axc-b~2)/c

Yxerf (¢~ (1/2)*x+1/2%b/c”(1/2))-1/4%d*Pi~ (1/2)*exp (1/4* (4xaxc-b~2)/c)/(-c)~(

1/2) *erf (-(-c)~(1/2) *x+1/2%b/(-c) ~(1/2) ) +1/4*e/cxexp (c*x"2+b*x+a)+1/8*exb/c
*P17(1/2) *exp(1/4* (dxaxc-b~2) /c)/(-c)~(1/2)*xerf (- (-c)~(1/2) *x+1/2%b/(-c)~ (1

/2))

Maxima [B] time = 1.43091, size = 343, normalized size = 2.68

2cx+b b)?
\/_(Zcx+b)b[er({ _¢ CXC+) ] 1] [(ZCXJ;) ] (Q_E)
2e 4c
ee

b2 b2 -
t1c 2 cx+b)2 C% Ve

\/ﬁderf(\/_c —%)e(a_a) \/ﬁderf(\/zx+zlﬁ)e(_a 4e -==

4+=c - 4+fc 8+/c
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*sinh(c*x~2+b*x+a),x, algorithm="maxima")

[Out] 1/4*sqrt(pi)*dxerf(sqrt(-c)*x - 1/2*b/sqrt(-c))*e”(a - 1/4*b~2/c)/sqrt(-c)
- 1/4*sqrt(pi)*d*erf (sqrt(c)*x + 1/2xb/sqrt(c))*e”(-a + 1/4xb~2/c)/sqrt(c)

- 1/8%(sqrt(pi) *(2*c*xx + b)*b*x(erf(1/2*sqrt(-(2*cxx + b)~2/c)) - 1)/(sqrt(-
(2%c*x + b)72/c)*c”(3/2)) - 2xe”(1/4x(2xc*x + b)~2/c)/sqrt(c))*e*xe”(a - 1/4
*b~2/c)/sqrt(c) + 1/8*%(sqrt(pi)*(2*xc*xx + b)*b*(erf(1/2*sqrt((2*c*x + b)~2/c

)) - 1)/(sqrt((2%cxx + b)72/c)*(-c)~(3/2)) + 2%cxe” (-1/4%(2*cxx + b)~2/c)/(
-c)~(3/2))*exe”(-a + 1/4%b~2/c)/sqrt(-c)
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Fricas [B] time = 2.16136, size = 1033, normalized size = 8.07

2 ce cosh (cx2 +bx + a)z + 4 ce cosh (cx2 +bx + a) sinh (cx2 +bx + a) + 2cesinh (cx2 +bx + a)z -~ \/E((2 cd — be) cos]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*sinh(c*x~2+b*x+a),x, algorithm="fricas")

[Out] 1/8%(2*cxe*xcosh(c*x™2 + b*x + a)~2 + 4xckxexcosh(c*x™2 + b*x + a)*sinh(c*x™2
+ b*x + a) + 2*cxe*xsinh(c*x™2 + b*x + a)”2 - sqrt(pi)*((2*xc*d - b*e)*cosh(
c*x"2 + bxx + a)*cosh(-1/4%(b"2 - 4xaxc)/c) + (2%c*d - b¥e)*cosh(c*x"2 + bx
x + a)*sinh(-1/4*%(b”"2 - 4xaxc)/c) + ((2%cxd - bxe)*cosh(-1/4%(b~2 - 4*axc)/
c) + (2%cxd - bxe)*sinh(-1/4%(b~2 - 4*a*xc)/c))*sinh(c*x™2 + b*x + a))*sqrt(
—c)xerf (1/2*%(2xc*xx + b)xsqrt(-c)/c) - sqrt(pi)*((2*c*d - b*e)*cosh(c*x"2 +
b*x + a)*xcosh(-1/4x(b~2 - 4xaxc)/c) - (2%c*d - bxe)*cosh(c*x™2 + b*x + a)*s
inh(-1/4%(b~2 - 4*axc)/c) + ((2%c*d - bxe)*cosh(-1/4*%(b~2 - 4xaxc)/c) - (2%
ckd - b*e)*sinh(-1/4*%(b"2 - 4xaxc)/c))*sinh(c*xx"2 + b*x + a))*sqrt(c)*erf (1l
/2% (2*%cxx + b)/sqrt(c)) + 2xcxe)/(c"2*xcosh(c*x™2 + b*x + a) + c”2*sinh(c*x”
2 + b*x + a))

Sympy [F] time = 0., size = 0, normalized size = 0.

f(d + ex) sinh (a + bx + cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*sinh(c*x**2+b*x+a) ,x)

[Out] Integral((d + exx)*sinh(a + b*x + c*x**2), x)

Giac [B] time = 1.42261, size = 282, normalized size = 2.2

b2—4ac+dc
Vnd erf (—% \/5(2 X+ é)) e(bzzac) Vrd exf (—% \/—_c(z X+ g)) e(_ bzzuc) Vabert(-; W(Z\’}:é))e( ) et

4 4y~ ) 8¢

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((e*x+d)*sinh(c*x~2+b*x+a),x, algorithm="giac")

[Out] 1/4*sqrt(pi)*d*erf(-1/2*sqrt(c)*(2xx + b/c))*e”(1/4x(b"2 - 4xax*c)/c)/sqrt(c
) - 1/4xsqrt(pi)*d*erf (-1/2*sqrt(-c)*(2xx + b/c))*e”(-1/4*(b"2 - 4xaxc)/c)/
sqrt(-c) - 1/8x(sqrt(pi)*bxerf(-1/2*xsqrt(c)*(2*x + b/c))*e”(1/4*x(b~2 - 4*ax

c + 4xc)/c)/sqrt(c) - 2*xe~(-c*xx™2 - b*x - a + 1))/c + 1/8*(sqrt(pi)*b*xerf (-
1/2*%sqrt(-c)*(2xx + b/c))*e”(-1/4*%(b"2 - 4*axc - 4*c)/c)/sqrt(-c) + 2*e” (cx

X2 + b*x + a + 1))/c
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dx

3.30 f sinh(a+bx+cx2)

Optimal. Leaf size=21

d+ex

sinh (a + bx + cxz)
d+ex

Unintegrable ( , X

[Out] Unintegrable[Sinh[a + b*x + c*x72]/(d + e*x), x]

Rubi [A] time = 0.0145952, antiderivative size = 0, normalized size of antiderivative =
number of rules

0., number of steps used = 0, number of rules used = 0, integrand size = 0, ————
integrand size

Rules used = {}

dx

sinh (a +bx + cxz)
f d+ex

Verification is Not applicable to the result.

[In] Int[Sinh[a + b*x + c*x~2]/(d + e*x),x]

[Out] Defer[Int] [Sinh[a + b*x + c*x"2]/(d + ex*x), x]

Rubi steps

dx

f sinh (a +bx + cxz) f sinh (a +bx + cxz)
x =
d+ex

d+ex

Mathematica [A] time = 6.93377, size = 0, normalized size = 0.

dx

sinh (a +bx + cxz)
f d+ex

Verification is Not applicable to the result.

[In] Integrate[Sinh[a + b*x + c*x~2]/(d + ex*x),x]

[Out] Integrate[Sinh[a + b*x + c*x72]/(d + e*xx), x]
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Maple [A] time = 0.066, size = 0, normalized size = 0.

dx

sinh (cx2 +bx + a)
f ex +d

Verification of antiderivative is not currently implemented for this CAS.

[In] int(sinh(c*x~2+b*x+a)/(exx+d),x)

[Out] int(sinh(c*xx~2+b*x+a)/(e*x+d),x)

Maxima [A] time = 0., size = 0, normalized size = 0.

dx

sinh (cx2 + bx + a)
f ex +d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(c*x~2+b*x+a)/(e*xx+d) ,x, algorithm="maxima")
g g

[Out] integrate(sinh(c*x”2 + bxx + a)/(exx + d), x)

Fricas [A] time = 0., size = 0, normalized size = 0.

sinh (cx2 +bx + a)

ex +d

integral ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(c*x~2+bxx+a)/(e*x+d),x, algorithm="fricas")

[Out] integral(sinh(c*x"2 + b*x + a)/(e*x + d), x)

Sympy [A] time = 0., size = 0, normalized size = 0.

dx

sinh (a +bx + cxz)
f d+ex
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(c*xx**2+b*x+a)/(e*xx+d) ,x)

[Out] Integral(sinh(a + b*x + c*x**2)/(d + e*x), X)

Giac [A] time = 0., size = 0, normalized size = 0.

dx

sinh (cx2 +bx + a)
f ex +d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(c*x~2+b*x+a)/(e*xx+d),x, algorithm="giac")
g g g

[Out] integrate(sinh(c*x”2 + bxx + a)/(exx + d), x)
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3.31 f (d + ex)? sinh? (a + bx + cx2) dx

Optimal. Leaf size=311

b2 b2 b2 b2
T 520 Ry b+2cx \/E 20— N2 (b+2cx) \/E 2,5: =20 (b+2cx) T2 205 (b+2c.
\/:ez (2cd — be) Erf(\/z\ﬁ) X Se 2 (2cd — be)“Erfi NG X Se’e? Erf ) e?e” 2 Erfi| —
3252 3252 32¢32 32¢3/2

[Out] -(d + exx)~3/(6%e) + (e"2*E~(-2*%a + b~2/(2%c))*Sqrt [Pi/2]*Erf [(b + 2*c*xx)/(
Sqrt [2]*Sqrt[c])])/(32%c™(3/2)) + ((2xc*d - b*e) 2xE~(-2%a + b~2/(2%c))*Sqr
t[Pi/2]*#Erf [(b + 2xc*x)/(Sqrt[2]*Sqrtlc])])/(32xc~(5/2)) - (e"2+#E~(2*%a - b~

2/ (2xc))*Sqrt [Pi/2]*#Erfi[(b + 2%c*x)/(Sqrt[2]*Sqrt[c])])/(32*c™(3/2)) + ((2

xcxd - bkxe) "2¥E”(2*%a - b~2/(2xc))*Sqrt [Pi/2]*Erfi[(b + 2xcx*x)/(Sqrt[2]*Sqrt
[c]1)1)/(32%c™(5/2)) + (ex(2xc*d - bke)*Sinh[2*%a + 2xb*x + 2kc*x"2])/(16%c”2

) + (ex(d + exx)*Sinh[2*%a + 2xb*x + 2%c*xx~2])/(8%c)

Rubi [A] time = 0.37853, antiderivative size = 311, normalized size of antiderivative =
21 number of rules
b

1., number of steps used = 14, number of rules used = 8, integrand size =

0.381, Rules used = {5394, 5387, 5374, 2234, 2204, 2205, 5383, 5375}

2 2 2 2
E —C—Za _ 2 b+2cx z 2a——c _ 2 b+2cx \/E 2 —C—Za (b+2cx) \/E 2 Zu——c (b+2c‘
\/;ez (2cd — be) Erf(—\/z\/z) . \/;e 2 (2cd — be)*Erfi (_\/E\/E) . Sece? Erf ) Sete 2 Erfi Yoy

32c5/2 32¢5/2 32c3/2 32c3/2

integrand size

Antiderivative was successfully verified.

[In] Int[(d + e*x) 2*Sinh[a + b*x + c*x~2]72,x]

[Out] -(d + exx)~3/(6%e) + (e”2*E~(-2xa + b~2/(2%c))*Sqrt[Pi/2]*Erf [(b + 2*cx*x)/(
Sqrt[2]1*Sqrt[c])])/(32xc~(3/2)) + ((2*c*d - bxe) "2*E~(-2*a + b~2/(2%c))*Sqr
t[Pi/2]1*Erf [(b + 2%c*x)/(Sqrt[2]*Sqrt[c])])/(32%c~(5/2)) - (e"2+#E~(2*a - b~

2/ (2xc) ) *Sqrt [Pi/2]*Exrfi[(b + 2*c*xx)/(Sqrt[2]*Sqrtlc]l)])/(32xc~(3/2)) + ((2

xcxd - b*e) 2xE”(2*%a - b72/(2%c))*Sqrt [Pi/2]*Erfi[(b + 2xc*x)/(Sqrt[2]*Sqrt
[c]1)1)/(32%c™(5/2)) + (ex(2xc*d - b*e)*Sinh[2*a + 2%bxx + 2%c*x~2])/(16%c~2

) + (ex(d + exx)*Sinh[2*a + 2xbxx + 2xc*x~2])/(8%*c)

Rule 5394

Int[((d_.) + (e_.)*(x_))"(m_.)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]1"(n_)
, x_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Sinh[a + b*x + c*x72]"n, x
1, x]1 /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]
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Rule 5387

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*x(x_))"(m_), x_Sy
mbol] :> Simp[(ex(d + e*xx)"(m - 1)*Sinh[a + bxx + c*x72])/(2%c), x] + (-Dis
t[(e™2x(m - 1))/(2%c), Int[(d + exx)"(m - 2)*Sinh[a + b*x + c*x~2], x], x]

- Dist[(b*e - 2*c*d)/(2*c), Int[(d + e*x)"(m - 1)*Cosh[a + b*xx + c*x~2], x]
, x]1) /; FreeQ[{a, b, c, d, e}, x] && GtQ[m, 1] && NeQ[bxe - 2%cxd, 0]

Rule 5374

Int[Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + bxx + c*x72), x], x] - Dist[1/2, Int[E"(-a - b*x - c*x"2), x], x] /; Fr
eeQl{a, b, c}, x]

Rule 2234

Int[(F )" ((a_.) + (b_.)*(x) + (c_.)*(x_)"2), x_Symboll :> Dist[F (a - b~2/
(4xc)), Int[F~((b + 2%c*x)"2/(4*c)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2204

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pi]*Erfi[(c + d*x)*Rt[b*Logl[F], 21]1)/(2*d*Rt[b*Logl[F], 21), x] /; FreeQ[{
F, a, b, ¢, d}, x] && PosQ[b]

Rule 2205

Int[(F_)"((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F a*Sqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Log[F]), 211)/(2*d*Rt[-(bxLogl[Fl), 2]), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rule 5383

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]*((d_.) + (e_.)*(x_)), x_Symbol]

:> Simp[(e*Sinh[a + bxx + c*x72])/(2*c), x] - Dist[(b*e - 2%c*xd)/(2%c), In
t[Cosh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[bxe - 2
xcxd, 0]

Rule 5375

Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*x + c*x~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*x"2), x], x] /; Fr
eeQ[{a, b, c}, x]
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Rubi steps

1 1
f(d + ex)? sinh? (a + bx + cxz) dx = f (——(d +ex)? + E(d + ex)? cosh (Za +2bx + 2cx2)) dx

d 3
__+ ex) f(d + ex)? cosh (2a + 2bx + 2cx ) dx
6e 2
d +ex)®  e(d+ex)sinh (Za +2bx + Zcxz) e? f sinh (Za +2bx + 2cx2) dx
B 6e * 8c B 8c
d+ ex)3 e(2cd — be) sinh (2a + 2bx + 2cx ) e(d + ex) sinh (Za + 2bx + 2
T e Toc2 " 8¢

4+ ex)3 e(2cd — be) sinh (2a + 2bx + 2cx ) . e(d + ex) sinh (Za + 2bx + 2

6e 16¢2 8c
) +_ \/7 b+2cx > 20— bz \/’ i b+2cx '
d+ ex)3 e’ e e\ Jove . e(2cd — be) si
B 6e 32c3/2 32¢3/2
+— b+2cx 2 2a+ b+2cx 2
(d+ex)3 e2e? \/7 ( ) (2cd — be)“e \/7ef(\/_\/_) i
B 6e 32¢3/2 32¢572

Mathematica [A] time = 1.38331, size = 240, normalized size = 0.77

3V2n (bze2 + ce(e — 4bd) + 4c2d2) Erf (li;;;f) (cosh (Za - g) -~ sinh( a- —)) +3v2n (bzez — ce(4bd + e) + 4c2d2)
[

Antiderivative was successfully verified.

[In] Integrate[(d + e*x)~2xSinh[a + b*x + c*x72]72,x]

[Out] (3%(4*c™2*%d"2 + b~2%e”2 + ckxex(-4*bxd + e))*Sqrt[2+«Pi]*Erf[(b + 2*c*x)/(Sqr
t[2]*Sqrt[c])]*(Cosh[2*a - b~2/(2%c)] - Sinh[2*a - b~2/(2%c)]) + 3*(4*c”2xd
"2 + b72%e”2 - ckxex(4xbxd + e))*Sqrt [2*Pi]*Erfi[(b + 2*c*x)/(Sqrt[2]*Sqrtlc
1)1*(Cosh[2*a - b~2/(2*%c)] + Sinh[2*a - b~2/(2%c)]) - 4*Sqrt[c]*(8xc™2*x*(3
*d72 + 3kdkexx + e72%x72) - 3xex(4kckd - bke + 2kckexx)*Sinh[2%(a + xx(b +

cxx))1))/(192%c™(5/2))

Maple [B] time = 0.073, size = 558, normalized size = 1.8

B dz_x ) 2x3 dz\/—\/_ 411ch2 e \/_\/Ex b\/_ b1 P2ye-2cx2-2bx-2a N Phe-2cx*-2bx-2a N h2e2 ﬁﬁe_ﬂé
2 6 16 \/— \/_ 16¢ 32¢? 64




158

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d) "2*sinh(c*x”2+b*x+a)~2,x)

[Out] -1/2%d"2*x-1/6%e”2*x~3+1/16*%d"2+Pi~(1/2)*exp(-1/2*%(4*axc-b~2)/c)*27(1/2)/c”
(1/2)xerf (27 (1/2) *c™(1/2) *x+1/2*%b*27(1/2) /c~(1/2) ) -1/16%e”2/c*xx*exp (-2xc*x~
2-2xb*x-2%a)+1/32%e~2%b/c " 2xexp (-2*c*xx~2-2%b*x-2%a) +1/64*e~2xb~2/c~ (5/2) *Pi
~(1/2) *exp(-1/2x(4*axc-b~2) /c)*27(1/2) *xerf (27 (1/2)*c™ (1/2) *x+1/2xbx2~(1/2) /
c™(1/2))+1/64%e~2/c~(3/2)*Pi~(1/2) *exp (-1/2* (4xa*xc-b"2) /c)*2~(1/2)*xerf (27 (1
/2)*c”™(1/2)*x+1/2xb*x27(1/2) /c~(1/2))-1/8*d*e/c*exp (-2*c*x~2-2xb*x-2%a)-1/16
xd*xexb/c” (3/2)*Pi~ (1/2) *xexp(-1/2* (4*axc-b~2)/c)*27(1/2) *erf (27 (1/2)*c~(1/2)
*x+1/2%b*27(1/2) /¢~ (1/2))-1/8%d"2xPi~ (1/2) *exp (1/2* (4xaxc-b~2) /c) / (-2*c) ~ (1
/2)*xerf (- (-2%c) "~ (1/2) *x+b/ (-2%c) ~(1/2))+1/16%e”2/ckxx*exp (2*c*x~2+2*xb*x+2%a)
-1/32%e”2%b/c"2%exp (2% cxx~2+2%b*x+2%a) -1/32%xe”2*b~2/c"2+%Pi~ (1/2) *exp (1/2% (4
xaxc-b"2) /c)/(=2xc) " (1/2) *erf (- (-2%c) " (1/2) *x+b/ (-2xc) ~(1/2))+1/32%xe~2/c*Pi
~(1/2) *exp(1/2* (4dxaxc-b"2) /c) / (-2*c) ~(1/2) *xerf (- (-2%c) " (1/2) *x+b/ (-2*c) ~(1/
2))+1/8*xd*e/cxexp (2*c*x™2+2xb*x+2*a) +1/8*d*e*xb/c*Pi~ (1/2) *xexp (1/2* (4*a*xc-b~
2)/c)/(=2%c)~(1/2)*erf (- (-2xc) " (1/2) *x+b/ (-2*c) " (1/2) ) -1/2*d*e*x"2

Maxima [B] time = 2.25363, size = 811, normalized size = 2.61

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) "2*sinh(c*x~2+b*x+a)~2,x, algorithm="maxima")

[Out] 1/16%(sqrt(2)*sqrt(pi)*erf(sqrt(2)*sqrt(-c)*x - 1/2*sqrt(2)*b/sqrt(-c))*e”(
2%a - 1/2%b72/c)/sqrt(-c) + sqrt(2)*sqrt(pi)*erf(sqrt(2)*sqrt(c)*x + 1/2xsq
rt(2)*b/sqrt(c))*e”(-2*%a + 1/2xb~2/c)/sqrt(c) - 8*x)*d"2 - 1/16%(8%x"2 + sq
rt(2)*(sqrt (pi)*(2%cxx + b)*b*(erf (sqrt(1/2)*sqrt(-(2xcxx + b)~2/c)) - 1)/(
sqrt (- (2*cxx + b)72/c)*c”(3/2)) - sqrt(2)*e”(1/2*%(2*cxx + b)~2/c)/sqrt(c))*
e~ (2xa - 1/2%b~2/c)/sqrt(c) + sqrt(2)*(sqrt(pi)*(2*c*x + b)*b*(erf(sqrt(1/2
)*sqrt ((2xc*x + b)~2/c)) - 1)/(sqrt((2*c*x + b)~2/c)*(-c)~(3/2)) + sqrt(2)*
cxe” (-1/2x(2xcxx + b)~2/c)/(-c)~(3/2))*e~(-2*%a + 1/2%b~2/c)/sqrt(-c))*d*e -
1/192%(32*x~3 - 3*sqrt(2)*(sqrt(pi)*(2xc*x + b)*b~2*(erf (sqrt(1/2)*sqrt(-(
2%c*x + b)72/c)) - 1)/(sqrt(-(2%c*x + b)"2/c)*c~(5/2)) - 2*sqrt(2)*b*e”(1/2
x(2xc*x + b)72/c)/c”(3/2) - 2x(2%c*x + b) "3xgamma(3/2, -1/2x(2xc*x + b)~2/c
)/ ((=(2%cxx + b)~2/c)~(3/2)*c~(5/2)))*e~(2%xa - 1/2*%b"2/c)/sqrt(c) + 3*sqrt(
2) *(sqrt (pi) * (2*c*x + b)*b~2* (erf (sqrt(1/2)*sqrt((2*c*x + b)~2/c)) - 1)/(sq
rt ((2%c*x + b)72/c)*(-c)~(5/2)) + 2xsqrt(2)*bxcxe”(-1/2*(2*xc*x + b)~2/c) /(-
c)”(5/2) - 2*(2*c*x + b) "3xgamma(3/2, 1/2%x(2xcxx + b)72/c)/(((2%c*x + b)~2/
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c)~(3/2)*(-c)~(5/2)))*e”(-2*a + 1/2%¥b"2/c)/sqrt(-c))*e”2

Fricas [B] time = 2.25622, size = 2700, normalized size = 8.68

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 2*sinh(c*x~2+b*x+a)~2,x, algorithm="fricas")

[Out] -1/192*%(12*c™2*e"2%x — 6% (2%c™2%e”2*x + 4*c~2xd*e - b*c*e”2)*cosh(c*x™2 + b
*X + a)”4 - 24%(2*xcT2*%e”2xx + 4xc”2*d*e - bkxcxe”2)*cosh(c*x"2 + bxx + a)*si
nh(c*x™2 + bxx + a)”3 - 6*%(2xc™2*e"2*x + 4xc”2*d*e - b*c*e”2)*sinh(cxx~2 +
b*x + a)~4 + 24xc”2kdxe - 6xbkcxe”2 + 3*xsqrt(2)*sqrt(pi)*((4*c™2xd"2 - 4*bx
cxd*e + (b2 - c)*e"2)*cosh(c*x™2 + b*x + a) 2xcosh(-1/2%(b~2 - 4xaxc)/c) +

(4xc™2%d"2 - 4xb*ckd*e + (b™2 - c)*e”2)*cosh(c*x™2 + b*x + a) 2*xsinh(-1/2%
(b™2 - 4xaxc)/c) + ((4*xc™2*xd"2 - 4xbxckd*e + (b2 - c)*e”2)*cosh(-1/2*(b"2
- 4xaxc)/c) + (4*xc”™2xd"2 - 4xbxckd*e + (b72 - c)*e”2)*sinh(-1/2%(b"2 - 4*ax
c)/c))*sinh(c*x™2 + b*xx + a)”™2 + 2x((4%c™2%d"2 - 4xbxckd*e + (b™2 - c)*e”2)
¥cosh(c*x™2 + b*xx + a)*cosh(-1/2%(b"2 - 4*axc)/c) + (4*c”™2xd"2 - 4xbxcxd*e
+ (b72 - c)*e”2)*cosh(c*x™2 + b*x + a)*sinh(-1/2%x(b~2 - 4xaxc)/c))*sinh(c*x
72 + b*x + a))*sqrt(-c)*erf(1/2*sqrt(2)*(2xcxx + b)*sqrt(-c)/c) - 3*sqrt(2)
xsqrt (pi) * ((4*xc™2xd"2 - 4*bkxckxd*e + (b™2 + c)*e”2)*cosh(c*x™2 + b*x + a) 2%
cosh(-1/2%(b"2 - 4xaxc)/c) - (4xc™2*%d"2 - 4xbxcxd*e + (b"2 + c)*e”2)*cosh(c
*x72 + b*x + a) " 2*sinh(-1/2%(b"2 - 4*ax*xc)/c) + ((4*xc™2xd"2 - 4xb*c*d*e + (b
"2 + c)*e”2)*cosh(-1/2*x(b"2 - 4x*axc)/c) - (4*xc™2xd"2 — 4xbxcxd*e + (b™2 + ¢
Y*xe"2)*sinh (-1/2%(b"2 - 4*a*xc)/c))*sinh(c*x™2 + b*x + a)”2 + 2x((4*c™2%4d"2
- 4xbxckd*e + (b™2 + c)*e"2)*cosh(c*x™2 + b*x + a)*cosh(-1/2%(b"2 - 4x*xaxc)/
c) - (4%c™2%d"2 - 4xbkckd*e + (b72 + c)*e”2)*cosh(c*x™2 + b*x + a)*sinh(-1/
2% (b72 - 4xaxc)/c))*sinh(c*x”2 + b*x + a))*sqrt(c)*erf(1/2*sqrt(2)*(2xc*x +
b)/sqrt(c)) + 32%x(c™3%e”2%xx"3 + 3*c~3*d*exx”2 + 3*c”3*d"2#*x)*cosh(c*xx™2 +
b*x + a)”2 + 4% (8*c”3*%e”2*x"3 + 24*c”3kdxexx”2 + 24*c73*d72*x — 9% (2*xc"2xe”
2%xX + 4*c”2xd*e — b¥c*e”2)*cosh(c*x”2 + b*x + a) 2)*sinh(c*x”2 + b*x + a)~2
- 8% (3% (2xc™2*e”"2xx + 4xc”2*d*e - b*c*e”2)*cosh(c*x™2 + bxx + a)~3 - 8*(c”
3*%e”2*%x73 + 3*cT3kdxexx”2 + 3*%c”3*d"2*x)*cosh(c*x"2 + b*x + a))*sinh(c*x"2
+ bxx + a))/(c"3xcosh(c*x™2 + b*x + a)~2 + 2%c " 3*xcosh(c*x™2 + b*x + a)*sinh
(c*x™2 + b*x + a) + ¢ 3*sinh(c*x™2 + b*x + a)~2)
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Sympy [F] time = 0., size = 0, normalized size = 0.

f (d + ex)* sinh? (a + bx + cxz) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)**2xsinh (ckxx**2+b*x+a)**2,x)

[Out] Integral((d + exx)**2xsinh(a + b*x + cxx**x2)**2, x)

Giac [A] time = 1.39166, size = 608, normalized size = 1.95

P2-dac _ b2—4ac )

_\/E\/Edz erf(—% \/5\/5(23( + é)) B(T) ) ‘/E\/Edz erf(—% \/E\/__C(ZJC * é)) e( B _ lx?’ez - 1dxze - 1dzx +
2 2

16+c 16v—c 6

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d) 2*sinh(c*x~2+b*x+a)~2,x, algorithm="giac")

[Out] -1/16%*sqrt(2)*sqrt(pi)*d~2xerf (-1/2*sqrt(2)*sqrt(c)*(2*x + b/c))*e”(1/2x (b~
2 - 4xaxc)/c)/sqrt(c) - 1/16*sqrt(2)*sqrt(pi)*d~2xerf (-1/2*sqrt(2)*sqrt(-c)
*x(2xx + b/c))*e”(-1/2% (b2 - 4xaxc)/c)/sqrt(-c) - 1/6*%x"3*%e”2 - 1/2*d*x"2%*e
- 1/2xd"2*x + 1/16%(sqrt(2)*sqrt (pi)*b*xd*xerf (-1/2xsqrt(2)*sqrt(c)*(2*%x + b
/c))*e”(1/2x(b~2 - 4xaxc + 2*c)/c)/sqrt(c) - 2xd*xe” (-2%cxx™2 - 2%bxx - 2%a
+ 1))/c + 1/16%(sqrt(2)*sqrt (pi) *b*d*erf (-1/2*sqrt (2) *sqrt (-c)*(2*x + b/c))
xe” (-1/2%(b”2 - 4xaxc - 2%c)/c)/sqrt(-c) + 2kdxe” (2*c*xx"2 + 2%b*x + 2*%a + 1
))/c - 1/64*(sqrt(2)*sqrt(pi)*(b~2 + c)*erf(-1/2*sqrt(2)*sqrt(c)*(2*x + b/c
))*xe”(1/2x(b~2 - 4xaxc + 4xc)/c)/sqrt(c) + 2*(c*(2*x + b/c) - 2*b)*e” (-2*c*
X72 - 2%b*x - 2%a + 2))/c”2 - 1/64*(sqrt(2)*sqrt(pi)*(b~2 - c)*erf(-1/2*sqr
t(2)*sqrt(-c)*(2*x + b/c))*e”(-1/2x(b~2 - 4xa*xc - 4xc)/c)/sqrt(-c) - 2x(c*(
2xx + b/c) - 2xb)*e”(2%c*x"2 + 2%b*x + 2%a + 2))/c”2
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3.32 f (d + ex) sinh” (a + bx + cxz) dx

Optimal. Leaf size=160

22 2 b+2 2 L b+2
n —-2g cx T 20—— cx
3 (e - beyexd (2 \fc) 3¢ e - beykrfi (222 \/;) esinh (20 + 2bx +2622) (4 4 ex)?
+ + -
16¢32 16¢32 8¢ 4e

[Out] -(d + e*x)~2/(4*e) + ((2xc*d - bxe)*E~(-2%a + b~2/(2%c))*Sqrt[Pi/2]*Erf[(b
+ 2%c*x)/(8qrt [2]1*Sqrt[c])])/(16xc™(3/2)) + ((2*cxd - bxe)*E”(2xa - b72/(2%
c))*Sqrt [Pi/2]*Erfi[(b + 2*c*x)/(Sqrt[2]*Sqrtlc])])/(16%c~(3/2)) + (exSinh[

2%a + 2%b*x + 2%c*x"2])/(8%c)

Rubi [A] time = 0.146587, antiderivative size = 160, normalized size of antiderivative =

. . b f rul
1., number of steps used = 8, number of rules used = 6, integrand size = 19, e L

integrand size
0.316, Rules used = {5394, 5383, 5375, 2234, 2204, 2205}

b2 b2
T —-2a b+2cx T 20—— b+2cx
37 (2cd - beyErd (% ﬁ) N (2cd—be)Erﬁ(f2—ﬁ) esinh (20-+ 257 +2622) (44 ex?
+ + -~
1632 1632 8¢ 4e

Antiderivative was successfully verified.

[In] Int[(d + exx)*Sinh[a + b*x + c*x~2]"2,x]

[Out] -(d + e*x)"2/(4xe) + ((2xc*d - b*xe)*E~(-2%a + b~2/(2%c))*Sqrt [Pi/2]*Erf [(b
+ 2xcxx) /(Sqrt [2]*Sqrt[c])])/(16%c™(3/2)) + ((2xc*d - b*xe)*E”(2*a - b~2/(2%
c))*Sqrt [Pi/2]*Erfi[(b + 2*c*x)/(Sqrt[2]*Sqrtlc])])/(16%c~(3/2)) + (exSinh[

2%a + 2%b*x + 2%c*x72])/(8%c)

Rule 5394

Int[((d_.) + (e_.)*(x_))"(m_.)*Sinh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2]"(n_)
, Xx_Symbol] :> Int[ExpandTrigReduce[(d + e*x)"m, Sinh[a + b*x + c*x~2]"n, x
1, x] /; FreeQ[{a, b, c, d, e, m}, x] && IGtQ[n, 1]

Rule 5383

Int[Cosh[(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2]*((d_.) + (e_.)*(x_)), x_Symbol]

:> Simp[(e*Sinh[a + bxx + c*x72])/(2*c), x] - Dist[(b*e - 2%c*d)/(2xc), In
t[Cosh[a + b*x + c*x~2], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b*xe - 2
xc*xd, 0]
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Rule 5375

Int[Cosh[(a_.) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[1/2, Int[E~(
a + b*¥x + c*x~2), x], x] + Dist[1/2, Int[E~(-a - b*x - c*xx~2), x], x] /; Fr
eeQ[{a, b, c}, x]

Rule 2234

Int[(F_)~((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> Dist[F~(a - b~2/
(4xc)), Int[F~((b + 2%c*x)~2/(4xc)), x], x] /; FreeQ[{F, a, b, c}, x]

Rule 2204

Int[(F_)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pil*Erfi[(c + d*x)*Rt[b*Logl[F], 211)/(2*d*Rt[b*Logl[F], 21), x] /; FreeQ[{
F, a, b, c, d}, x] && PosQ[b]

Rule 2205

Int[(F)~((a_.) + (b_.)*((c_.) + (d_.)*(x_))"2), x_Symbol] :> Simp[(F~ax*Sqr
t[Pil*Erf [(c + d*x)*Rt[-(b*Logl[F]), 211)/(2*d*Rt[-(bxLogl[Fl), 21), x] /; Fr
eeQ[{F, a, b, c, d}, x] && NegQ[b]

Rubi steps

1 1
f(d + ex) sinh? (11 +bx + cxz) dx = f(i(_d —ex) + E(d + ex) cosh (2{1 +2bx + 2cx2)) dx

d 2 1
__dten + = f(d + ex) cosh (Zu +2bx + 2(:x2) dx
4e 2

(d + ex)? N esinh (Za + 2bx + 2cx2) N (2cd — be) f cosh (Za + 2bx + 2cx2) dx

4e 8c 4c

(d + ex)? N esinh (Za +2bx + 2cx2) . (2cd - be) [ ¢20-2bx-20x% gy . (2cd - be)

4e 8c 8¢

(2b+4cx)?

bz
20— —
(d+ex)?  esinh (2a +2bx + 2cx?) ((ZCd ~be)e Zf) fe & dx
- + +

4e 8c 8c

b2 2
—eato T b a—— [T
ey (oAb o et (52) (i - by E [Fert

+
4e 1632 1632
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Mathematica [A] time = 0.676209, size = 177, normalized size = 1.11

V271 (2cd - be)Erf(?;‘j;) (cosh (2{1 - Z—i) —sinh (2a - —)) V27(2cd - be)Erfi (}352:/};{) ( inh (Za - —2) + cosh (2a -
32¢3/2

Antiderivative was successfully verified.

[In] Integrate[(d + e*x)*Sinh[a + b*x + c*x72]72,x]

[Out] ((2%c*xd - bxe)*Sqrt[2xPi]*Erf[(b + 2*c*x)/(Sqrt[2]*Sqrt[c])]*(Cosh[2*a - b~
2/(2xc)] - Sinh[2*a - b~2/(2*c)]) + (2%cxd - bxe)*Sqrt [2+Pi]*Erfi[(b + 2xc*
x)/(Sqrt [2]1*Sqrt [c])1*(Cosh[2*a - b~2/(2xc)] + Sinh[2%a - b72/(2*c)]) + 4%S

qrt [c]*(-2xcxx* (2xd + e*x) + exSinh[2x(a + x*(b + c*x))]))/(32%c~(3/2))

Maple [A] time = 0.056, size = 241, normalized size = 1.5

2 4m: bz 71 -2cx?-2bx-2a 4,15 b2 51
ex?  dx d\/_\/— Erf vayar + b\/_ _ee be\/_\/_ Erf| Vaver + b\/_
1 2716 2 e \/z 16¢ 32 2 e

Verification of antiderivative is not currently implemented for this CAS.

[In] int((e*x+d)*sinh(c*x~2+b*x+a) ~2,x)

[Out] -1/4x%e*x"2-1/2%d*x+1/16*%d*Pi~(1/2)*exp(-1/2*(4d*axc-b~2)/c)*27(1/2)/c~(1/2)*
erf (27 (1/2)*c™(1/2) *x+1/2%b*27(1/2) /c~(1/2) ) -1/16%e/cxexp (-2*Cc*xx~2-2*b*x~2%
a)-1/32xexb/c”(3/2) %P1~ (1/2) *exp(-1/2*% (d*axc-b~2) /c)*27 (1/2) *erf (27 (1/2) *c™

(1/2) *x+1/2%b*27(1/2) /c~(1/2))-1/8*d*Pi~ (1/2) *exp (1/2* (d*a*xc-b~2) /c) / (-2%*c)
~(1/2)*xerf (- (-2%c) " (1/2) *x+b/ (-2%c) " (1/2) ) +1/16%e/c*xexp (2kc*xx~2+2*b*x+2%a) +
1/16*exb/c*Pi~ (1/2)*xexp(1/2* (4*axc-b"2)/c)/(-2%c)~(1/2)xerf (- (-2%c) ~(1/2) *x

+b/ (-2%c)~(1/2))

Maxima [B] time = 1.85353, size = 404, normalized size = 2.52
ﬁ(Zcx+b)b[e

J

V2

1 ‘/—\/—erf(‘/_‘/_ ‘_) b5 f \/—\/_erf(\/—%er_) -k 8xli- = |82+

16 Nar: Ve 32
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*sinh(c*x”~2+b*x+a)”~2,x, algorithm="maxima"

[Out] 1/16x%(sqrt(2)*sqrt(pi)*erf (sqrt(2)*sqrt(-c)*x - 1/2*sqrt(2)*b/sqrt(-c))*e”(
2%xa - 1/2%b72/c)/sqrt(-c) + sqrt(2)*sqrt(pi)*erf(sqrt(2)*sqrt(c)*x + 1/2xsq
rt(2)*b/sqrt(c))*e”(-2*%a + 1/2xb~2/c)/sqrt(c) - 8*x)*d - 1/32*%(8*x"2 + sqrt
(2)*x(sqrt (pi)*(2xc*x + b)*b*(erf (sqrt(1/2)*sqrt(-(2*c*x + b)~2/c)) - 1)/(sq

rt (- (2%c*xx + b)~2/c)*c”(3/2)) - sqrt(2)*e” (1/2%(2*c*x + b)~2/c)/sqrt(c))*e”

(2%a - 1/2*b~2/c)/sqrt(c) + sqrt(2)*(sqrt(pi)*(2*c*x + b)*b*(erf (sqrt(1/2)*

sqrt ((2xc*x + b)~2/c)) - 1)/(sqrt((2xc*x + b)~2/c)*(-c)~(3/2)) + sqrt(2)*cx

e~ (-1/2x(2xc*x + b)72/c)/(-c)7(3/2))*e~(-2*a + 1/2%¥b"2/c)/sqrt(-c))*e

Fricas [B] time = 2.23507, size = 1922, normalized size = 12.01

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*sinh(c*x~2+b*x+a)”~2,x, algorithm="fricas")

[Out] 1/32*%(2*c*xexcosh(c*x™2 + b*x + a)”4 + 8*ckxexcosh(c*x™2 + b*x + a)*sinh(c*xx™
2 + b*x + a)”3 + 2*ckexsinh(c*x™2 + b*x + a)”4 - sqrt(2)*sqrt(pi)*((2xc*d -
bxe)*cosh(c*x™2 + b*x + a) " 2xcosh(-1/2%(b"2 - 4*a*c)/c) + (2*xcxd — bxe)*co
sh(c*x™2 + b*x + a) 2*xsinh(-1/2%(b"2 - 4*axc)/c) + ((2*xcxd - b*e)*cosh(-1/2
*(b"2 - 4xaxc)/c) + (2*cxd - b*e)*sinh(-1/2*%(b~2 - 4*a*c)/c))*sinh(c*x~2 +
b*x + a)~2 + 2% ((2%c*d - b*e)*cosh(c*x™2 + bxx + a)*cosh(-1/2*(b~2 - 4x*axc)
/c) + (2*c*d - bxe)*cosh(c*x”2 + b*x + a)*sinh(-1/2*(b"2 - 4*xaxc)/c))*sinh(
c*x”2 + bxx + a))*sqrt(-c)*erf(1/2*sqrt(2)*(2*c*x + b)*sqrt(-c)/c) + sqrt(2
)*sqrt (pi)*((2*cxd - bxe)*cosh(c*xx™2 + b*x + a) 2xcosh(-1/2x(b~2 - 4xax*c)/c
) — (2%c*d - bxe)*cosh(c*x™2 + b*x + a) 2*sinh(-1/2%(b~2 - 4xax*xc)/c) + ((2%
cxd - b*e)*cosh(-1/2*(b”~2 - 4*xaxc)/c) - (2*%c*d - b*e)*sinh(-1/2*(b"2 - 4xax
c)/c))*sinh(c*x™2 + b*x + a)”2 + 2x((2xc*d - b*e)*cosh(c*x™2 + b*x + a)*cos
h(-1/2*x(b~2 - 4*axc)/c) - (2*c*d - b*xe)*cosh(c*x™2 + b*x + a)*sinh(-1/2x(b~
2 - 4xaxc)/c))*sinh(c*x"2 + b*x + a))*sqrt(c)*erf (1/2xsqrt(2)*(2*cxx + b)/s
qrt(c)) - 8x(c™2%e*xx™2 + 2%c”2xd*x)*cosh(c*x™2 + bxx + a)”2 - 4x(2xc ™ 2*xe*x”
2 + 4xc”2*d*x - 3*kckexcosh(c*x™2 + bxx + a)”2)*sinh(c*x™2 + bxx + a)”2 - 2%
cxe + 8*(ckxexcosh(c*x™2 + b*xx + a)”3 - 2%(c™2%e*x™2 + 2*c”2xd*x)*cosh(c*x™2
+ b*x + a))*sinh(c*x”2 + b*x + a))/(c"2*cosh(c*x™2 + b*x + a)”2 + 2*c”~2*co
sh(c*x™2 + b*x + a)*sinh(c*x”2 + b*x + a) + c 2*sinh(c*x™2 + b*x + a)~2)
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Sympy [F] time = 0., size = 0, normalized size = 0.

f (d + ex) sinh? (a +bx+ cx2) dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*sinh(c*x**2+b*x+a)**2,x)

[Out] Integral((d + exx)*sinh(a + b*x + Ckx*x*2)**2, x)

Giac [A] time = 1.37628, size = 335, normalized size = 2.09

2
_b ‘4‘”) \/E\/Eberf(—%

b2—4ac
2c

_\/E\/Ed erf(—% \/5\/5(236 + Z)) e(T) ) V2v/rd erf(—% \/E\/—_C(Zx + é)) e( 1, 1

—~x%e— —dx+
x-e ZX

16 ve 16 V< 4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((exx+d)*sinh(c*x~2+b*x+a)”~2,x, algorithm="giac")

[Out] -1/16*sqrt(2)*sqrt(pi)*dxerf (-1/2*sqrt(2)*sqrt(c)*(2*x + b/c))*e”~(1/2%(b"2
- 4xaxc)/c)/sqrt(c) - 1/16%*sqrt(2)*sqrt(pi)*d*erf (-1/2*sqrt(2)*sqrt(-c)*(2x*
X + b/c))*e”(-1/2%(b"2 - 4*axc)/c)/sqrt(-c) - 1/4*x"2%e - 1/2xd*x + 1/32*(s
qrt(2) *sqrt (pi)*bxerf (-1/2*sqrt(2)*sqrt(c)*(2*x + b/c))*e”(1/2*%(b"2 - 4*axc

+ 2xc)/c)/sqrt(c) - 2%e”(-2%c*x”2 - 2%b*x - 2*%a + 1))/c + 1/32x(sqrt(2)*sq

rt (pi)*bkxerf (-1/2xsqrt (2) *sqrt(-c)*(2xx + b/c))*e”(-1/2*%(b"2 - 4*a*xc - 2xc)
/c)/sqrt(-c) + 2*xe”(2%c*x™2 + 2%b*x + 2%a + 1))/c
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3.33 dx

Optimal. Leaf size=43

f sinhz(a+bx+cx2)

d+ex

cosh (Za + 2bx + Zcxz) log(d + ex)
d+ex )T e

1
EUnintegrable (

[Out] -Logld + e*x]/(2%e) + Unintegrable[Cosh[2*a + 2*b*x + 2%c*x72]/(d + e*x), x
1/2

Rubi [A] time = 0.0452246, antiderivative size = 0, normalized size of antiderivative =
. . ber of rul
0., number of steps used = 0, number of rules used = 0, integrand size = 0, oo,

integrand size
Rules used = {}

dx

sinh? (a +bx + cxz)
f d+ex

Verification is Not applicable to the result.

[In] Int[Sinh[a + b*x + c*x72]72/(d + e*x),x]

[Out] -Logld + exx]/(2*e) + Defer[Int] [Cosh[2*a + 2%bxx + 2%c*x~2]/(d + exx), x]/
2

Rubi steps

sinh? (a +bx + cxz) 1 cosh (Za + 2bx + 2sz) ;
f d+ex x—f _2(d+ex)+ 2(d + ex) *

dx

log(d+ex) 1 pcosh (2a + 2bx + 2sz)
T 2 "2 f d+ex

Mathematica [A] time = 15.6611, size = 0, normalized size = 0.

dx

sinh? (a +bx + cxz)
f d+ex

Verification is Not applicable to the result.
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[In] Integrate[Sinh[a + b*x + c*x72]72/(d + e*x),x]

[Out] Integrate[Sinh[a + b*x + c*x72]72/(d + ex*x), x]

Maple [A] time = 0.099, size = 0, normalized size = 0.

dx

f (sinh (cx2 + bx + a))z

ex +d
Verification of antiderivative is not currently implemented for this CAS.

[In] int(sinh(c*x"2+b*x+a) "2/ (exx+d) ,x)

[Out] int(sinh(c*xx~2+bxx+a) "2/ (e*x+d),x)

Maxima [A] time = 0., size = 0, normalized size = 0.

log (ex + d) f 2cx +2bx+2u ZCx 2bx) n
2e 4 ex+d 4 exe(2 ) 4 de(24)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(c*x~2+b*x+a) 2/ (e*xx+d),x, algorithm="maxima")

[Out] -1/2xlog(e*x + d)/e + 1/4xintegrate(e”(2%c*x~2 + 2%b*x + 2%a)/(exx + d), x)
+ 1/4xintegrate(e” (-2*c*x"2 - 2%b*x)/(e*x*e”(2*a) + dxe”(2xa)), x)

Fricas [A] time = 0., size = 0, normalized size = 0.

sinh (cx2 +bx + a)z
ex +d

integral X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(c*x~2+b*x+a) 2/ (e*xx+d),x, algorithm="fricas")
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[Out] integral(sinh(c*x"2 + b*x + a)~2/(exx + d), x)

Sympy [A] time = 0., size = 0, normalized size = 0.

dx

sinh? (a +bx + cxz)
f d+ex

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(ckx**2+bkxx+a)**2/(e*xx+d) ,x)

[Out] Integral(sinh(a + b*x + ckxx*x*2)**2/(d + e*x), x)

Giac [A] time = 0., size = 0, normalized size = 0.

dx

sinh (cx2 +bx + a)z
f ex+d

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(sinh(c*x~2+bxx+a) 2/ (exx+d) ,x, algorithm="giac")

[Out] integrate(sinh(c*x”2 + bxx + a)~2/(exx + d), x)
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Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative [result,optimal]*)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex)

(* "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(* antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimall,
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],
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41
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44
45
46
47
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49
50
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52
53
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56
57
58
59
60
61
62
63
64
65
66
67
68

If [LeafCount [result]<=2*LeafCount [optimal],
IIA" s
uBn] s
||Cl|:| s
If [FreeQ[result,Integrate] && FreeQ[result,Int],
IICII s
"F"]]

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involvesx)
(¥1 = rational functionx)

(¥2 = algebraic functionx)

(¥3 = elementary functionx)

(¥4 = special functionx)

(x5 = hyperpergeometric function*)

(*6 = appell functionx)

(¥7 = rootsum functionx)

(¥8 = integrate functionx*)

(*9 = unknown functionx)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expnl ],
If [Head [expn]===Power,
If [IntegerQlexpn[[2]1]1],
ExpnType [expn[[1]]],
If [Head[expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]]] ,ExpnType[expn[[2]1]1],3]11],
If [Head [expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
I1f [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expnl],6]],
If [Head [expn]===RootSum,

170




69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92

94
95
96
97
98
99
100
101
102
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Apply[Max, Append [Map [ExpnType,Apply[List,expnl],7]1],
If [Head [expn]l===Integrate || Head[expn]===Int,

Apply [Max, Append [Map [ExpnType, Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

}, funcl

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshlIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

}, func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ [{AppellF1},func]
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4.0.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin

#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added

#Nasser 03/24/2017 corrected the check for complex result

#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems
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GradeAntiderivative := proc(result,optimal)
local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

leaf count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf_count_result > 500000 then
return "B";
fi;

leaf_count_optimal:=leafcount (optimal);

ExpnType_result:=ExpnType(result) ;
ExpnType_optimal:=ExpnType (optimal) ;

if debug then
print ("ExpnType_result",ExpnType_result," ExpnType_optimal=",
ExpnType_optimal) ;
fi;

# If result and optimal are mathematical expressions,

# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
# "B" if result is more than twice the size of the optimal

# antiderivative

# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F";
end if;

if ExpnType_result<=ExpnType_optimal then
if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
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if debug then
print("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_ count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print ("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
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print("result do not contain complex, this assumes optimal do not

as well");
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#

# is_contains_complex(result)

# takes expressions and returns true if it contains "I" else false
#

#Nasser 032417




102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148

is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

hyperpergeometric function
= appell function

= rootsum function

= integrate function

= unknown function

H OHF H OH HF OH OH H H H H
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ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn, 'sqrt') then
if type(op(l,expn),'rational') then

1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ""') then

if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' ™+ ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
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149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195

elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,1ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh, cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA ,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.

#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
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leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.0.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added “RootSum™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count(expr):
#sympy do not have leaf count function. This is approximation
return round(1l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
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if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True

else:
return False

except AttributeError as error:
return False

def expnType(expn) :
debug=False
if debug:
print ("expn=",expn, "type(expn)=",type(expn))

if is_atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type (expn, ' " ")

if isinstance(expn.args[1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1l,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)
)
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type
(expn, '**~ ")
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[1:]1))
return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml1)  #max(4,apply(max,map(ExpnType, [op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,
expn))
ml = max(map(expnType, list(expn.args)))
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return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)]1)))
elif is_appell_function(expn.func):

ml = max(map(expnType, list(expn.args)))

return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum):

ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map[ExpnType,
Apply[List,expn]],711,

return max(7,ml)
elif str(expn).find("Integral") != -1:

ml = max(map(expnType, list(expn.args)))

return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:

return 9

#main function
def grade_antiderivative(result,optimal):

leaf _count(result)
leaf_count (optimal)

leaf _count_result
leaf_count_optimal

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)
if str(result).find("Integral") != -1:

return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

(#Dec 24, 2019. Nasser: Ported original Maple grading function by )
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# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'
# 'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

def tree(expr):
debug=False;
if debug:
print ("Enter tree(expr), expr=",expr)
print ("expr.operator()=",expr.operator())
print ("expr.operands()=",expr.operands())
print ("map(tree, expr.operands()=",map(tree, expr.operands()))

if expr.operator() is None:
return expr
else:
return [expr.operator()]+list(map(tree, expr.operands()))

def leaf count(anti):
debug=False;

if debug: print ("Enter leaf_count, anti=", anti, " len(anti)=", len(anti))
if len(anti) == 0: #special check for optimal being O for some test cases.
if debug: print ("len(anti) == 0")
return 1
else:

if debug: print ("round(l.35xlen(flatten(tree(anti))))=",round(1.35*len(
flatten(tree(anti)))))
return round(1l.35*len(flatten(tree(anti)))) #fudge factor
#since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's

def is_sqrt(expr):
debug=False;
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False
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def is_elementary_function(func):
debug = False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot', 'sec','csc’,
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh', 'cosh', 'tanh', 'coth', 'sech','csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch', 'sgn',
'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

def is_special_function(func):
debug = False

if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin','fresnel_cos',6'Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma', 'log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

def is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M', 'hypergeometric_U

']

def is_appell_function(func):




94
95
96
97

98

99
100
101
102
103
104

105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123

124
125
126

127

128

129

130

131

132

181

return func.name() in ['hypergeometric'] #[appellfl] can't find this in
sagemath

def is_atom(expn):

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False

except AttributeError as error:
return False

def expnType (expn) :
debug=False

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],

Rational):
return 1
else:
return max(2,expnType (expn.operands() [0])) #max(2,expnType(expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands() [0])  #expnType(expn.args[0])
elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],
Rational)
if type(expn.operands() [0])==Rational: #isinstance(expn.args[0],
Rational)
return 1
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else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType (expn.
args[0]))
else:
return max(3,expnType (expn.operands() [0]),expnType (expn.operands()
[1])) #max(3,expnType (expn.operands() [0]),expnType(expn.operands () [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)
ml = expnType(expn.operands() [0]) #expnType(expn.args[0])
m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]1))
return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.
func)
return max(3,expnType (expn.operands() [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(4,ml) #max (4,m1)
elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(5,m1) #max (5,m1)
elif is_appell_function(expn.operator()):
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,ml) #max (6,m1)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

debug = False;

if debug: print ("Enter grade_antiderivative for sagemath")

leaf_count_result
leaf_count_optimal

leaf count(result)
leaf_count (optimal)

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)
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expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_ count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2*leaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"
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